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Orbital problem:

Main goal: Find & = x(t) solution of the differential equation
x=F(x, xt).

x = x(t) is called the orbit or trajectory.
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But, we can solve this problem numerically, and efficiently!

Why the need of analytical methods?

e Mathematicians need to be busy ...
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Why the need of analytical methods?

e A.M. give also high order
e A.M. are fastly evaluated at any point
(once the A.M. is obtained !)
e |t is easy to play with initial conditions and parameters
e A.M. give not only numbers, but insight of the problem
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Historical example: Orbital motion of the moon

Delaunay
20 years of mathematical work (without computers)
Two volumes ( 800 pages of formulas)

Precision: 300 km

Deprit, Henrard & Rom
2 years writing the software
Precision: 50 cm

2 mistakes in Delaunay work
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Who is the force function F' ?

In our case, F' comes from a potential function U = U (x, t),

such that

[ (8U oU 8U).

ox’ Oy’ 0z
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Who is the potential function U ?  The geopotential

Usually expanded into series, and in terms of the Spherical Polar
variables (7, A, 3).

- _H > <g)n > (ClMcosmA + S sinmA) P (cos ),

" n>0\T 0<m<n
with
« the terrestrial radius.
1t the Gaussian constant.
P"" the associated Legendre polynomials.

Cm

"SI the harmonic coefficients.
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Several representations in spherical harmonics:

U=-"11+ %

r n>1

a>n J Py (cos 3)

.
+ > (C)'cosmA + S)'sinmA\) P (cos [3)
1<m<n

If the origin of the reference frame is located at the center of masses,

U=-"l+ x|

T n>?2

g>n Jn Py (cos 3)

T

+ > (C)'cosmA + S sinm\) P (cos §)

1<m<n

J,,  zonal harmonics

Cm. S tesseral harmonics
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A = A(t), then the independent variable ¢ appears explicitly !

Solution:

Formulate the problem in a synodic frame rotating with the Earth.

Consequences:
1) ¢ does not appear.

2) A new term appears in the Kinetic energy
—w §)

which origines difficulties in the tesseral case.
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Assuming the Earth is of revolution, we only have

Uv=-"

r

1+ > (%)anPn(cosﬁ) ] .

n>2

Jo~ 1073, J, < 107% r > «. Thus,
U=Uy+U+Uy+ ..., with Uy>U; >U;> ...

When U =U,= —E, the Kepler Problem
r

L o)

When U =Uy+U; =——
r

)

)2 JoPy(cos 3)

L

T

the Main Problem

Perturbed Kepler Problem
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Orbital elements for the Kepler motion —a,e, [, w, ()T

Orbital elements for Perturbed Kepler motions

—a(t), e(t), I(t), w(t), Qt), T(#)

/.

\

12
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Canonical transformations.

Example: The harmonic oscillator Cartesian variables

1 1
H = S(Pr + Py) + 5w (p1 + ).
Equations of motion

dPl oOH 9 dp1 oOH
), T T aa = —Wwh, - = Py,
dt 8p1 dt 6?P1
dP2 oOH 9 dp2 oOH
dt apg dt 6?P2
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The harmonic oscillator Poincaré’s variables

ot R x [0,27) x [0,27) — R*x R’
<]1,]27S017902) = (P17P27p17p2>

21; .
P =+2wl;cosp;,  pi=,—siny;,
W

is canonical, and gives

H — W(Il + ]2)

Equations of motion:

fi = (0, = [, = constant, V=W, = Y, = wt.

15
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The harmonic oscillator Lissajous’ variables (Deprit 1991)

ot R*x[0,27) x [0,21) — R*x R’

(L7G7€7g> = (P17P27p17p2)
pr = L;;Gcos(ﬁ%—g) L2chos(£ 9),

P = \/ sm L+g)+ \/ sm€ 9),
B 7y B w L+ G w — B
P, = Wap = \/ 5 cos(ﬁ +9) +1/ 5 cos(f 9)-

IS canonical

16
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Lissajous transformation gives

Equations of motion:

L=0,= L =constant, {=w,= (= wt,

G = 0,= G = constant, ¢ = (0,=> g = constant.

The Lie derivative of a function F'is simply

OF

17
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Canonical variables for the Kepler motion. — Cartesian

1
H=§(X2+Y2+Zz)—ﬁ
T

with 7 = 22 +y? + 22
Equations of motion

h

X =—yu r=X,

ﬁa
System of 6 equations with 6 unknowns. (3 degrees of freedom).

Not a big deal !
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Canonical variables for the Kepler motion.

— Polar-nodal variables (Whittaker var. or Hill var.)

T, R=r
19:CU+f, @:HJZXXH
v =, N =l x X || cos 1.
1 o2 1
= |R*+ — |- ",
H 2( +r2) T

19
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Canonical variables for the Kepler motion.

— Delaunay variables

(=M, L=ua
g=w, G=lzxX]|
h=Q, H=|xx X| cosl.

20
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Infinitesimal contact transformations (Sophus Lie, 1880)

Let us consider the function WW(q, @), and £ a parameter.
Anict x : (q,Q,¢) — (p, P) is defined by
p=q+cVW+0(%) = g +e(g:W) + O,
P=Q—cVgW+0(e?) =Q +¢(Q; W) + Oe?).

W(q, Q) is called the generator.

Note that p(q, Q,c = 0) = gand P(q,Q,c = 0) = Q.

The i.c.t. is a solution of the Hamiltonian system

dp dP
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Infinitesimal contact transformations (Sophus Lie, 1880)

Let us consider a function F'(p, P). Then, by Taylor,

d
#F(pla.Q.2), Pla,Q.2)) = Flooy + =" |y + O(),

but
d]7 OF

F:
de  Oe +EW),

hence,

X"F =F(q,Q) +<(F(q,Q); W) + O(e?).
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Infinitesimal contact transformations

Example: Perturbed oscillators ~ H = Hy + €H;

1 1
Hy = §(P12 + P§) + 5002(]?% + p3),

Hy = 2apips + B(pi + p3).

In Lissajous variables

H():wL

Ha+30)(d* + 4d*s* + s*) — 3(a — B)d*s* cosdg
— (o +30) {sd(d2 + s%) cos 20 + 1d?s* cos 44
+ (o — ) [sd (5% cos(4g + 20) + d? cos(4g — 20))

— st cos(4g + 40) — 1d* cos(4g — 46)}
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Infinitesimal contact transformations

H' = (H)
=wl/
e[ Lo+ 38)(d" +4d”s” + 5'") — 3 — B)s”d” cosdg']
NORMALIZATION

oW = W=—w/[(H| —Hi)dl

24
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Normalized Phase flow
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Lie transformations (André DEPRIT, 1969)

A Lie transform is an extension of an Infinit. Contact Transform.

X : (q,Q,¢) — (p, P), solution of

dp dP

with the initial conditions

p(q,Q.c=0)=q, P(q,Q.c=0)=Q,

The generator WW(p, P, €) being

el
WEW(pa-PaE) — Z 7Wn+1(p7P)‘

n>0 n!

26



A. Elipe Meétodos analticos para movimientos orbitales, DDays. La Manga. septiembre 2004

Lie transformations

Given a function
871
F(pJP78) — Z an,O(pa-P)

n>0 M

What is the action of the Lie transformation onto it?

X" F(q,Q,¢)is a Taylor series

#*E — - _
X nzzjo n! dem |.—g nzon!

27
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Lie transformations

Problem.— The functions £, y and W, given, determine Fj ,

We have to compute the derivatives

d"F
dem
dF  OF
Liouville th : + (F';
iouville theorem = B + (F; W)

28
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OF n
where — =) < 10 and
86 n>0 n! 7
e J ek
(W) = ¥ = (FioW) =X - X - (Fioi Wii)
>0 7! >0 7! k=0 k!
€j+k
= —— (Fj;W
jg() k%:O]' ]{7' ( 7,0 k—l—l)
€" n
— _' Z ( ) (Fn—m,(); Wm—i—l)-
consequently,
dF " n
df - Z ' Fn—l—l,() + Z ( ) (Fn—'rm(); Wm—l—l) )
€ n>0 N! 0<m<n \TN
or
dF K
‘ Fn 1-

)

de =0 n!
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In general,

A" e"
Ty

dek =0 n!

Fn,ka

For example,

Fyy = Fyo+ (Fyo; Wh) +2(F10; Wa) + (Foo; Ws).

30
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With this, we may follow the Lie—Triangle :

Foo
/
Fip — Foa
/ /
Fyy B F1,1 B Foo
/ / /
Fs0 — Fyq — Fia — Foz
/ / / /

For the computing of each term, we need the previous ones

in the row, and the elements above the diagonal of this one.

31
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Homologic equation

e [y, our choice
° Fp,, computed

e )V, computed by integration

32
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Lie— transformations Example
H:%<X2+w :U)+ (Y +w y)+ew2<ax3+ﬁxy2).

In the Lissajous coordinates, the Hamiltonian takes the form:

H=wL
+ew{sd?[-33 + 3a] cos(l — 3g) — [s?d(56 + Sa) + d*(3 8+ Sa)] cos({ — g)
2 (38 + fa) + sd?(38 + Ja)] cos(C + g) + s*d[33 — fa] cos(€ + 3g)
+d?[18 — a]cos(30 — 3g) + sd?[1 8 + 3a] cos(30 — g)
+s2d[—18 — 3a]cos(30 + g) + s*[— 16 + 1a] cos(30 + 3g)}.
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Lie— transformations First order Normalization

H(),l = <H>g = 0.

(Ho,o; W1) — Ho,l - Hl,Oa

— W, =w [ Hiod?
W, 1 w/ 1,0

(Hoo; W1) = —w ETAE

Second order ?
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Lie— transformations Second order Normalization

From the Lie triangle,

Hoo = Hoo+ (Hi0, W)+ (Hoi, W1) + (Hopo, Wa)

= Hao + (Hoo, Wa).
(Homologic equation)

We select Hoo = <772,0>£

Then,

WQ = —Ww /(HO’Q - ﬁlo)dﬁ
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Lie— transformations Fourth order Normalization
H = wL
—|—€2L2{62( ﬁ2+16&ﬁ_§a2) ﬁQ——Oéﬁ 15 2

+e(— 4ﬁ2 + 15 a?) cos 2g + e*( 2ﬁ2 + 16015 — E042) cos 49}

el (G = S+ B+ s — o
345664+ é(;g BS 163 2 2 _ 4()1 36 Igg 4
+(€3(_% 4 %ggi 63 132&2 2 1225865 3ﬁ+ 2511125 4)
+e(— Sl gt — ggéQ53 1615282 4 401 033 + 2301)) cos 2
+e*(5568" + T’ + Bé i 2+%O‘3 — G5 at) cosdg

739 g4 _ 1025, 33 | 59 9 319 3 7054
(4608ﬁ 2304 P T 334 37— 25600 + 510 )00869}

+0(e).
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Normalized Phase flow

37
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Algebraic and symbolic tools

General purpose system

Mathematica, Maple, etc.

Specialized systems ( non-lineal dynamics)

Poisson series processor

) L, [seny
S(x,y)= X C,f rg . w ( )(joyoJr
teTjeg COS
cd eR

1

ot Im—1Ym-1),
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Specialized systems:

software based on the properties of particular mathematical objects

e algebraic structure
e symbolic representation
e computational representation

e algorithms

40
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Main problem of the artificial satellite

1 Sk 2
H = 5 (R2+ 7“2) —%+ JQ% (%) Py(sinfsin 1)

Taking
€ = J2 ~ 10_3

the main problem may be formulated as an asymptotic expansion

H="Hy,+ e¢H;

41
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In polar—nodal variables (r,0,v,R,©, N)

H = H()—|-€H1—|-Z H

i>1J!
1 2 6?2 L4
* Ho= Q(R 7“2)_7“

o H; = /\/lo +/\/l1—00829
CHJ':O

where M; = M;(s) = M;(©, N)

0
Lie operator: Lo=R— — (’u S

r2

or

02,82
OR  r200

42
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In Delaunay variables (¢, g,h,L,G, H)

m el

H=Ho+eH+ > .|Hj
Jj>17:
2
__
* M=

CL3 CL3
o H; = M, — T M,y 73(308(29 +2f)
r r

OH]'IO

where M; = /\/li(a3, S) = MZ‘(L, G, H)

_ 0
Lie operator: Lo=n—

ol

43
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r, f, E in Delaunay variables (¢, g, h, L, G, H)

3 3

a
Y ost2g 4 2)

a l+4ecosf r

, —=1—ecosk
V1 —e? a

expansions in powers of the eccentricity
o /= F(e, /)

.f:f(evg)

44
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45

Lie triangle (F' = ) T =x(y:c)

Inversion algorithm

y =y(xz;e)

Lie triangle (F' = v)
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Example: Delaunay normalization

e Original Hamiltonian

m &)
H=Hy+eHi+ > —H,

j>17!

e Canonical transformation of generator

.
= > —Hjo

j>>07"

m el
> Wit
j>0 7!
e Transformed Hamiltonian
m el
H= > —Ho,

j>>0 j!

46



A. Elipe Meétodos analticos para movimientos orbitales, DDays. La Manga. septiembre 2004

Homologic equation

ow, .
EY. — HO,n - HnO

ﬁoWn =N

Y

° Hy, computed with a Poisson series processor

L om +
o Hou= [, Houdl

® Wn — /(7:(0,71 - ﬂo,n)df

[F0)dt, [ F(r, f,E)dl

47
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Integrals with the equation of the center ¢ = (f — () in the integrand

introduce special functions like the dilogarithm

k

Liy(2) = i_'f

I
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First order solution of the main problem

Generator

W = & (./\/logb + Myesin f + MTe sin(f + 29)

j\;ll sin(2f +2¢g) + /\gle sin(3f + 29))

New Hamiltonian
L3

[
H=— 2+€M0G3

2L

Integrable H(,,,L,G H)

49
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Greater order (qualitative results): ‘H( ,g, , L, G, H)

Averaged Hamiltonian: L, H constants, with 0 < |H| < L
H = H(Q? G) - H(gh 527 53)

&1 = LGsecosg

& = LGsesing
L? + H?
N &

Phase space

e plane: (g,G)

2_172\2
e sphere: &+ &5+ &2 = (L 4H)

50
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g

|
I
I
|
:

51



A. Elipe

Métodos analticos para movimientos orbitales,

DDays. La Manga. septiembre 2004

T e

gt

e
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Normalization

Lie derivative (L) is a semi—simple operator:

P =ker LoD imLy

Obtention of /C,,(H 1)), Wh:

(HO; Wn) "‘An = ,CN7<:> EOWn — An - K,

IC, = .Ai € ker L |
Af A= A,

LW, = .A% cim Ly

53
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Simplification
Aalgebra
Simplification
. EeriLy)
Subrnodulus
Mormalization j
Kernel
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Hamiltonian in polar—nodal variables

Homological equation

R

Wo (n O\OW, OW,
or _( ) or T2 a9 = Mo Ton

Y

r2 r3

55
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Elimination of the parallax

Goal: reduce the factors

LE e 0
r\r p\r

while eliminating the explicit appearance of 6

Poisson algebra (including the Hamiltonian of the satellite)

F = {F = > (Cjcosj0+ S;sinjh), C;,8;¢€ kef(['())}

720

56
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1 Ck 1 1
(R2+) Mo (Mo My eos20) € F
r r

2 r2 r

1/r and R belong to F

1 1 C S .

— = — 4+ —cosf + —sinf

r p p p

R = C@Sine—S@cose
p p

where (' and S are the state functions

C =ecosg, S =esing, C, S € ker(Ly)

57
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Elimination of the parallax

1

j=0]

Ly |> = (Cjsingd — Sjcosjh)| = ©

72

> (Cjcos jO + S;sin j0)

7=0
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Elimination of the parallax

PROPOSITION: Given a function
F(r,0,R,0) =% (Cjcosjf + S;sinjh), C;,5; € ker(Ly),
j=0
the PDE in W, I

, ©

is satisfied by choosing

1
W = % —(C;sinjh — S;cos jb)
j=1]

N.B. VV is not unique.

59
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C) o

7“2

o F — ,}:Ln,’()

ol

= > (Cjcosjb + S;sin jh)
720

©
o Hy, = ﬁco
1

e W, = > —(C;sinjh — S;cosjb)
j=0J

60
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Hamiltonian after elimination of the parallax

1 SR
H = 2(R2+ )—“+

r2 r

= (5) (-3
€ —|—| (z——-sm 2]+
r2\p) \2 4

e 0% /a\*[ 5 3 3 21
R (el I D >R < <_
. (p) [ 4 8 8 + 8Jr

21

27 2 2 2
e 16S)smz+(—16— o2 4

First order does not depend on g.

Second order does  (C'(g), S(g))

105
ol — 8 ) sin?q
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Elimination of the perigee (9) @ =g+ f)
W, = WH(C. S,0,0) + W,(C, S,0, )

* with VW' we eliminate ¥/

* with Wn we eliminate at order n 4 1 terms containing only g

62
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Elimination of the perigee (g)

Determining V, ?  As usual.

W, (e O\ OW, oW, BIW:
Lo = B, _(ﬁ_ﬁ) OR 1200 2 0f
Lo o
g _Hn,O—Hom:an/@(Hno Hon) df

e W,? lItis not determined at order n, but rather is deferred until

the next order (n + 1)
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First order (elimination of the perigee)

2
KT g

Hio=Hip= 162,72

(—2 + 3s7)

does not depend on g

e Ho1 = Hig
2 ~
o Wi = /% (o — Ho) d6 =0
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Greater order (elimination of the perigee)

Homological equation: LoW, = 7:(n70 +Hop + 2(7-(1,0; Wn_1)

® Hyo= Hz,o + M0

~ J e
i HO,n - < n,0>g - % n,0(07 S) dg
~ 3/”“2 8Wn_1
o 2(7‘(170; Wn_1> = F1<(9> — 2@3S2 (4 — 5822) ag
« ~ 3,&7"2 8Wn_1
,C()Wn = HZ,O + f1(9> + F2( ) — 2@376?2 (4 — 58%) dg
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. 3pur? OWn -1
* _ 740 o S 4 — 2
LOWn HTL,O -+ fl ((9> + FQ(g) 2@37“2( 582) ag
3urs, 2 OWa-1 _
fZ(g) 2@37"2(4 582) 89 =0
- 20%% 1
o d
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Hamiltonian after elimination of the perigee

1 , O% u ©Fra\*(l 3 .
H:§ (R +7“2)_T+67”2(p) (ﬁ—ESIH Z)‘|‘
2 167 tro13 69
% s} (%) (—g + 3sin®i — 6—481114 z) +
6? 4 3 3 15
—(g) 772(———Sin2i——sin4i) :
r2 \p 8 8 64

H="H(r, R 6O, N)
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Advantages of simplifications: automatization and shorter series

Elimination of

the parallax

Second short period

transformation

Brouwer-Kozai

( Von Zeipel)

Order | Hamiltonian Generator | Hamiltonian Generator | Hamiltonian Generator
1 2 7 2 2 2 7
2 8 32 13 16 15 213
3 11 112 28 125 28 2076
4 26 264 72 612 ? ?
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69

Number of terms of the new Hamiltonians and generators for several

orders and transformations:

order

0 1 2 3 4 ) 6

After elimination of the parallax

Ho,i
Wi

4 2 9 12 30 36 70
0 7 32 112 264 643 1340

After elimination of the perigee

4 2 6 20 35 68 106
0 2 34 289 1038 2984 5242

After Delaunay normalization

2 2 9 36 111 991 2682
0 2 15 104 474 7092 23687
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Number of terms of Lie triangle in the elimination of the parallax

b) 1 4 1

3 0 98 89 3
4 0 374 476 305 4

5 0 1094 1466 1495 836 i)
6 0 2808 4100 4312 4325 2237 6

i 0 1607 9272 10167 10272 10301 1509

J
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Number of terms of Lie triangle in the elimination of the perigee

0 0
1 4 1
C
) 2 2 2 2
3 9 7272 3

4 12 1025 1344 988 4
ot 30 6705 11155 12059 6542 5
6 36 26728 52132 63561 65770 25616 6
i 70 23808 156393 215155 237817 241702 21590
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Number of terms of Lie triangle in the Delaunay’s normalization

d)

4 20 696 820 760 4
5 35 4630 5831 6142 5940 5
6 68 20400 27792 29502 30006 28877 6

i 106 40434 85181 95146 97865 98587 91482

72



A. Elipe Meétodos analticos para movimientos orbitales, DDays. La Manga. septiembre 2004

Time in minutes for generating analytical theory of order n

800!
600! a)
400!

200
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