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LINEARIZED EQUATIONS

ẍ− 2 ẏ − (1 + 2c2) x = 0
ÿ+2 ẋ+ (c2 − 1) y = 0

z̈+ c2 z = 0











c2 =
1

γ3
(µ+ (1− µ) γ3

(1∓ γ)3) for L1, L2,

c2 =
1

γ3
(1− µ+ µ

γ3

(1 + γ)3
) for L3.



Solution of the Linear Equations

x(t) = A1e
λt+A2e

−λt+A3 cosωt+A4 sinωt

y(t) = cA1e
λt − cA2e−λt − k̄A4 cosωt+ k̄A3 sinωt

z(t) = A5 cos νt+A6 sin νt











with A1, . . . , A6 arbitrary constants.

ω =

√

2− c2 +
√

9c22 − 8c2

2
, ν =

√
c2, c =

λ2 − 1− 2c2

2λ
,

λ =

√

c2 − 2+
√

9c22 − 8c2

2
, k̄ =

−(ω2 +1+ 2c2)

2ω
.

It is also convenient to look at the oscillatory solution

of the linear part as having an amplitude and a phase,

x(t) = A1e
λt+A2e

−λt+Ax cos (ωt+ φ)

y(t) = cA1e
λt − cA2e−λt+ k̄Ax sin (ωt+ φ)

z(t) = Az cos (νt+ ψ)











where the relations are A3 = Ax cosφ, A4 = −Ax sinφ,

A5 = Az cosψ and A6 = −Az sinψ.



Avoiding Unstable Motions

x(t) = A1eλt+A2e−λt+Ax cos (ωt+ φ)
y(t) = cA1eλt − cA2e−λt+ k̄Ax sin (ωt+ φ)
z(t) = Az cos (νt+ ψ)







• A1 = A2 = 0 gives linear Lissajous.

• A1 = 0, A2 6= 0 defines Stable Manifold.

• A2 = 0, A1 6= 0 defines Unstable Manifold.

To avoid unstable motions forward in time we

require A1 = 0 and to preserve this condition

under maneuvers. It can be seen that this type

of maneuvers must be orthogonal to ( k̄d2
, 1d1

).

This is,

(∆ẋ,∆ẏ) =
α

√

c2+ k̄2

(

d2,−k̄d1
)

, α ∈ R

where |α|, is the size of the maneuver.



Changing the In-Plane Amplitude

Let us assume that at a given time tm we per-

form a maneuver (∆ẋ,∆ẏ). The central part

(i.e. the libration terms) will change from an

initial in-plane amplitude A
(i)

x to a final one A
(f)

x

given by,

A
(f)

x
2
= A

(i)

x
2
+ c2

d2
2

(∆ẋ)2 + 1
d2

1

(∆ẏ)2 − 2cλ
d2

2

y(tm)∆ẋ+

+2 c2

d2
2

ẋ(t−m)∆ẋ− 2cλ
d2

1

x(tm)∆ẏ+2 1
d2

1

ẏ(t−m)∆ẏ.

Assuming that the satellite is in a Lissajous

orbit this expression reduces to,

A
(f)

x

2
=

(

c

d2
∆ẋ− 1

k̄
y(tm)

)2

+

(

1

d1
∆ẏ − x(tm)

)2

We note that up to this point we have not still

required the non scape condition.



Doing the maneuver in a Lissajous orbit in the

direction of the non escape condition we ob-

tain,

A
(f)

x

2
= α2+

2α
√

c2+ k̄2

(−c
k̄
y(tm) + k̄x(tm)

)

+A
(i)

x

2

Introducing the costant angle beta as

(cosβ, sinβ) = (
c

√

c2 + k̄2
,

k̄
√

c2 + k̄2
),

the expression reduces to,

A
(f)

x

2
= α2 − 2αA

(i)

x sin (ωtm+ φi − β) +A
(i)

x

2

where φi is the in-plane amplitude of the de-

parture orbit.



Given an initial in-plane amplitude A
(i)

x and a

target one A
(f)

x the magnitude of the maneuver

needed for the transfer at epoch tm is,

α = A
(i)

x sin (ωtm+ φi − β)±
√

A
(f)

x

2 −A(i)

x

2
cos2 (ωtm+ φi − β)

• A(f)

x ≥ A
(i)

x , the transfer maneuver is possi-

ble at any time.

• A(f)

x < A
(i)

x , the transfer maneuver is possi-

ble only at some times.



Once the target amplitude A
(f)

x is selected, we

note the two basic possibilities that we have

when selecting the maneuver.

• Select tm in such a way that the ∆v ex-

pended in changing the amplitude be a min-

imum. This corresponds to the minimum

of |α|.

• Select tm in such a way that you arrive at

the target orbit with a selected phase.



Optimal in-plane maneuvers

Assuming A
(f)

x 6= A
(i)

x , the local minima of α(tm)

is obtained performing the maneuver when tm
verifies,

ωtm+ φi = β+ π
2, or

ωtm+ φi = β+ 3π
2 , (both mod 2π).

This is, when the angle ωtm+ φi is orthogonal

to β, or equivalently, when the satellite on a

Lissajous orbit crosses the plane cx+ k̄y = 0.

Changing the in-plane phase

Performing a maneuver at time tm and using

the amplitudes A3 and A4 we have,

A
(f)

3 = A
(i)

3 − α(tm) sin (ωtm − β),

A
(f)

4 = A
(i)

4 + α(tm) cos (ωtm − β),



Changing the in-plane phase maintaining

the amplitude

We study the non trivial maneuver when A
(f)

x =

A
(i)

x . It gives a jump in the stable manifold of

the same torus. Essentially a phase shift given

by,

φf − φi = −2(ωtm − β+ φi) (mod2π).

This fact will be used for the exclusion zone

avoidance using in-plane maneuvers.



Changing the Out-of-Plane Amplitude

The discussion is similar to the in-plane ones
but there is no scape direction. The maneuver

to transfer from A
(i)

z to A
(f)

z is given by,

∆ż

ν
= A

(i)

z sin (νtm+ ψi)±
√

A
(f)

z

2 −A(i)

z

2
cos2 (νtm+ ψi)

• A(f)

z ≥ A
(i)

z , the transfer maneuver is possi-

ble at any time.

• A(f)

z < A
(i)

z , the transfer maneuver is possi-

ble only at some times.



Optimal out-of-plane maneuvers

When the transfer is possible, the maneuver to

change the out-of-plane amplitude from A
(i)

z to

A
(f)

z is optimal when tm verifies,

νtm+ ψi =
π
2, or

νtm+ ψi =
3π
2 , (both mod 2π).

This corresponds to the z = 0 crossing (natural

in terms of energy).

Changing phase without changing ampli-

tude

The non trivial maneuver at time tm produces

a shift in the out-of-plane phase given by,

ψf − ψi = −2(νtm+ ψi) (mod2π)



Effective Phases

We consider the angular variables of the torus,

Φ = ωt+ φ, Ψ = νt+ ψ, (mod 2π).

And the exclusion zone,

y2+ z2 < R2,

k̄2A2x sin
2Φ+A2z cos

2Ψ = R2
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ω ν ν/ω usual R (km) angle from Earth
L1 2.086 2.015 0.966 90000 ' 3.5 deg radius
L2 2.057 1.985 0.965 14000 ' 0.54 deg radius

Initial phases classification according to the

time when they first hit an exclusion zone.
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LOEWE Strategies
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Animaciones
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Objects in the Center Manifold

The ”more relevant” objects that appear in

the central manifold of the collinear equilibrium

points of the RTBP are:

– The Lyapunov planar periodic orbit (outer

curve),

– One vertical periodic orbit,

– Two simmetric periodic halo orbits,

– A Cantor family 2-D tori around the verti-

cal periodic orbits (Lissajous orbits),

– Two Cantor families of 2-D tori around the

halo orbits (quasihalo orbits).



All these object can be determined either using

numerical procedures or in a semi-analytical

way, computing formal series aproximations us-

ing the Lindstedt-Poincaré method.

The numerical procedures are based in the

use of Newton’s method for the computation

of fixed points (periodic orbits) or invariant

curves (2–D tori).



Formal series solutions

Lissajous orbits: two frequencies and two am-
plitudes.

∞
∑

i,j=1







∑

|k|≤i,|m|≤j
aijkm

cos
sin

(kθ1+mθ2)






αiβj.

Halo orbits: one frequency and one ampli-
tude.

∞
∑

i,j=1







∑

|k|≤i+j
aijk

cos
sin

(kωτ)






αiβj,

∆(α, β) = 0.

Quasihalo orbits: two frequencies and one
amplitude.

∞
∑

i=1







∑

|k|≤K,|m|≤i
aijm

cos
sin

(kθ1+mθ2)






γi.

Where θ1 = ωτ + φ1, θ2 = ντ + φ1,

ω =
∞
∑

i,j=0

ωijα
iβj, ν =

∞
∑

i,j=0

νijα
iβj.



Stable and Unstable Manifolds

Numerical computation

For the periodic orbits (halo and vertical),

the eigenvectors of the monodromy martix can

be used to get local (linear) approximations

of their stable and unstable manifolds. The

numerical globalization is easy.

For quasihalo orbits with not very large val-

ues of γ, the stable/unstable eigenvectors of

the variational matrix computed over one

revolution, approximate quite well the s/u di-

rections.

When we have the direction of the s/u mani-

fold, at the begining of a revolution, it can be

obtained at any point, transporting the vector

by means of the differential of the flow.



Semianalytical Computations of Invariant

Manifolds for Lissajous orbits



















































ẍ− 2 ẏ − (1 + 2c2) x =
∂

∂x

∑

n≥3
cnρ

nPn

(

x

ρ

)

,

ÿ+2 ẋ+ (c2 − 1) y =
∂

∂y

∑

n≥3
cnρ

nPn

(

x

ρ

)

,

z̈+ c2 z =
∂

∂z

∑

n≥3
cnρ

nPn

(

x

ρ

)

,

x(t) = α1e
λ0t+ α2e

−λ0t+ α3 cos(ω0t+ φ1),

y(t) = k̄2α1e
λ0t − k̄2α2e−λ0t+ k̄1α3 sin(ω0t+ φ1),

z(t) = α4 cos(ν0t+ φ2).



x(t) =
∑

e(i−j)θ3
[

x
pq
ijkm cos(p θ1+ q θ2)+

x̄
pq
ijkm sin(p θ1+ q θ2)

]

αi1α
j
2α

k
3α

m
4

y(t) =
∑

e(i−j)θ3
[

y
pq
ijkm cos(p θ1+ q θ2)+

ȳ
pq
ijkm sin(p θ1+ q θ2)

]

αi1α
j
2α

k
3α

m
4

z(t) =
∑

e(i−j)θ3
[

z
pq
ijkm cos(p θ1+ q θ2)+

z̄
pq
ijkm sin(p θ1+ q θ2)

]

αi1α
j
2α

k
3α

m
4

where θ1 = ωt+ φ1, θ2 = νt+ φ2, θ3 = λt and,

ω =
∑

ωijkmα
i
1α

j
2α

k
3α

m
4 ,

ν =
∑

νijkmα
i
1α

j
2α

k
3α

m
4 ,

λ =
∑

λijkmα
i
1α

j
2α

k
3α

m
4 .



Zero Values and Symmetries

Lissajous case

Facts to save computer storage and CPU time.

Considering a series truncated at order (N1, N2).

• We consider always terms with i, j, k,m > 0

and p > 0.

• Always i+ j ≤ N1, k+m ≤ N2 (and i+ j+

k+m ≤ N2 for a type I series).

• Always p ≤ k and p ≡ k (mod 2).

• Always |q| ≤ m and q ≡ m (mod 2) and

in case that p = 0, only terms with q ≥ 0

must be kept.



• Coefficients x
pq
ijkm, x̄

pq
ijkm, y

pq
ijkm and ȳ

pq
ijkm

are zero when m is odd.

• Coefficients z
pq
ijkm and z̄

pq
ijkm are zero when

m is even.

• For any i, j, k,m, p, q we have,

x
pq
ijkm = x

pq
jikm x̄

pq
ijkm = −x̄pqjikm

y
pq
ijkm = −ypqjikm ȳ

pq
ijkm = ȳ

pq
jikm

z
pq
ijkm = z

pq
jikm z̄

pq
ijkm = −z̄pqjikm

and in particular, x̄
pq
iikm = y

pq
iikm = z̄

pq
iikm = 0

• Terms of the frequency series can be dif-

ferent from zero only when i = j besides k

and m are even.



Semianalytical Computations of Invariant

Manifolds for Halo orbits

x(t) = α1e
λ0t+ α2e

−λ0t+ α3 cos(ω0t+ φ)

y(t) = k̄2α1e
λ0t − k̄2α2e−λ0t+ k̄1α3 sin(ω0t+ φ)

z(t) = α4 cos(ω0t+ φ)







































ẍ− 2 ẏ − (1 + 2c2) x =
∂

∂x

∑

n≥3

cnρ
nPn

(

x

ρ

)

,

ÿ+2 ẋ+ (c2 − 1) y =
∂

∂y

∑

n≥3

cnρ
nPn

(

x

ρ

)

,

z̈+ c2 z =
∂

∂z

∑

n≥3

cnρ
nPn

(

x

ρ

)

+∆ z,



x(t) =
∑

e(i−j)θ3
[

x
p
ijkm cos(pθ1)+

x̄
p
ijkm sin(pθ1)

]

αi1α
j
2α

k
3α

m
4

y(t) =
∑

e(i−j)θ3
[

y
p
ijkm cos(pθ1)+

ȳ
p
ijkm sin(pθ1)

]

αi1α
j
2α

k
3α

m
4

z(t) =
∑

e(i−j)θ3
[

z
p
ijkm cos(pθ1)+

z̄
p
ijkm sin(pθ1)

]

αi1α
j
2α

k
3α

m
4

where θ1 = ωt+ φ1, θ3 = λt and,

ω =
∑

ωijkmα
i
1α

j
2α

k
3α

m
4 ,

λ =
∑

λijkmα
i
1α

j
2α

k
3α

m
4 .

∆=
∑

dijkmα
i
1α

j
2α

k
3α

m
4 = 0.



Zero Values and Symmetries

Halo case

Facts to save computer storage and CPU time.

Considering a series truncated at order (N1, N2).

• We consider always terms with i, j, k,m > 0

and p > 0.

• Always i+ j ≤ N1, k+m ≤ N2 (and i+ j+

k+m ≤ N2 for a type I series).

• Always p ≤ k+m and p ≡ k+m (mod 2).

• Coefficients x
p
ijkm, x̄

p
ijkm, y

p
ijkm and ȳ

p
ijkm

are zero when m is odd.

• Coefficients z
p
ijkm and z̄

p
ijkm are zero when

m is even



• For any i, j, k,m, p we have,

x
p
ijkm = x

p
jikm x̄

p
ijkm = −x̄pjikm

y
p
ijkm = −ypjikm ȳ

p
ijkm = ȳ

p
jikm

z
p
ijkm = z

p
jikm z̄

p
ijkm = −z̄pjikm

In particular, x̄
p
iikm = y

p
iikm = z̄

p
iikm = 0.

• Terms of frequency series can be different

from zero only when i = j besides k and m

are even.
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The use of the Invariant Manifolds

• Transfer from the vicinity of the Earth

• Station keeping and eclipse avoidance

• Transfer between libration point orbits
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Transfer to L2
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Low thrust transfer to a halo orbit about L1 Sun-Earth
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-1

-0.5

 0

 0.5

 1

 1.5

 2

-0.3 -0.28 -0.26 -0.24 -0.22 -0.2 -0.18 -0.16

Third encounters, yẏ projection.
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