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LINEARIZED EQUATIONS

r—2y—(14+2c)x = 0
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Solution of the Linear Equations

z(t) = A1eM + Ase M + A3 coswt + Agsinwt
y(t) = cA1eM — cAsre M — EA4 coswt + EA3 sin wt
z(t) = Agcosvt + Agsinvt

with Aq,..., Ag arbitrary constants.
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N 2 T 2w '

It is also convenient to look at the oscillatory solution

of the linear part as having an amplitude and a phase,

(t) = A1eM 4+ Ase M 4 A, cos (wt + @)
y(t) = cA1eM — cAse M 4 KA, sin (wt + @)
z(t) = A, cos (vt + 1)
where the relations are A3 = A,Ccos¢, Ay = —A,Sing,
As = A,cosvy and Ag = —A_.Siny.



Avoiding Unstable Motions

y(t) = cAreM — cAre ™ 4 kA, sin (wt + @)

ZU(t) — A1€At+A2€—)\t+Am coOS (Wt-i—gb)
z(t) = A, cos (vt + )

e A1 = A, = 0 gives linear Lissajous.
e A; = 0,A> # 0 defines Stable Manifold.

e A> =0, A; # 0 defines Unstable Manifold.

To avoid unstable motions forward in time we
require A1 = 0 and to preserve this condition
under maneuvers. It can be seen that this type
of maneuvers must be orthogonal to (%,%).
This is,

«

where |a, is the size of the maneuver.

(Az, Ay) = (d2,~kd1), a€R



Changing the In-Plane Amplitude

et us assume that at a given time t,, we per-
form a maneuver (Ax,Ay). The central part
(i.e. the libration terms) WI|| change from an
initial in-plane amplitude A, @) to a final one A(f)
given by,

2 2 .
AV =AY —|—d2(Aa:)2—|-d2(Ay)2 glgy(tm)Aaz+

+255(t,) Az — 222 (tm) Ay + 2575 (t,) Ay.
Assuming that the satellite is in a Lissajous
orbit this expression reduces to,

()2 2 (1 2
Aa: (dQACC — EQ@m)) (d—lAy — x(tm>>

We note that up to this point we have not still
required the non scape condition.



Doing the maneuver in a Lissajous orbit in the
direction of the non escape condition we ob-

tain,
()2 2 2a —C — (i) 2
AV = 24 ( € (tm) + kx(tm)>—|—Ax

Introducing the costant angle beta as

);

(cosB,sin B) = (——te, 2 __

the expression reduces to,

2 . 52
A(xf) = a’ — 20{14:(6) sin (wtm + ¢; — B) + A;(c)

where ¢; is the in-plane amplitude of the de-
parture orbit.



Given an initial in-plane amplitude A:(,f) and a
target one Ag) the magnitude of the maneuver

needed for the transfer at epoch ¢, is,

a = A” sin (wtm + bi — 5)1\/14;?2 — AY% cos2? (Wt + ¢ — B)

° Ag) > AS), the transfer maneuver is possi-

ble at any time.

° Az(,;f) < AS), the transfer maneuver is possi-

ble only at some times.



Once the target amplitude A;f) IS selected, we

note the two basic possibilities that we have
when selecting the maneuver.

e Select ¢, in such a way that the Av ex-
pended in changing the amplitude be a min-
imum. This corresponds to the minimum
of |a|.

e Select ¢, in such a way that you arrive at
the target orbit with a selected phase.



Optimal in-plane maneuvers

Assuming Afvf) o= Ag), the local minima of a(tm,)

IS obtained performing the maneuver when ¢,
verifies,

th+¢z’:6+£a or

wtm 4+ ¢, = B+ 3, (both mod 27).

This is, when the angle wt;, + ¢; is orthogonal
to @, or equivalently, when the satellite on a
Lissajous orbit crosses the plane cx + ky = O.

Changing the in-plane phase

Performing a maneuver at time t,,, and using
the amplitudes A3z and A4 we have,

AL =AY — altm) sin (Wtm — B),

(f) (¢)
Ag = Ay + altm) cos (wtm — 3),



Changing the in-plane phase maintaining
the amplitude

We study the non trivial maneuver when Afvf) =

AS). It gives a jump in the stable manifold of
the same torus. Essentially a phase shift given

by,
¢r— ¢ = —2(wtm — B+ ¢;) (mod 27).

This fact will be used for the exclusion zone
avoidance using in-plane maneuvers.



Changing the Out-of-Plane Amplitude

T he discussion is similar to the in-plane ones
but there is no scape direction. The maneuver

to transfer from A(i to A(f) is given by,

Az

v

<f>2 ()

sm (vtm + ;) + \/A cos? (vtm + ;)

A(f) > A - the transfer maneuver is possi-

ble at any time.

A(f) < A - the transfer maneuver is possi-
ble only at some times.



Optimal out-of-plane maneuvers

When the transfer is possible, the maneuver to

change the out-of-plane amplitude from AS) to
(f)
A

. is optimal when t,, verifies,

vtm +; = 5, Or

vty + Y; = 2, (both mod 2x).

This corresponds to the z = 0 crossing (natural
in terms of energy).

Changing phase without changing ampli-
tude

The non trivial maneuver at time t,, produces
a shift in the out-of-plane phase given by,

¢f = —2(vtm + ;) (mod 27)



Effective Phases

We consider the angular variables of the torus,

b=wt+¢, V=vt+4+1, (mod 2m).

And the exclusion zone,
y° + 2% < R?,

k°A2sin®® + A2 cos? W = R?
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W v v/w | usual R (km) | angle from Eartt
L; | 2.086 | 2.015 | 0.966 90000 ~ 3.5 deg radius
Lo | 2.057 | 1.985 | 0.965 14000 ~ 0.54 deg radiu

Initial phases classification according to the
time when they first hit an exclusion zone.

years

0

0 1 2 3 4 5 6

L, case A, = A, = 250000 km, R = 90000 km.



years

L, case A, = A, = 120000 km, R = 14000 km.



LOEWE Strategies

Detail of xy-manuever, L1, A=157.000km, R=90.000 km
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Detail of a z-maneuver, L1, A=157.000km, R=90.000km
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First row, example of one-sided cycle. Trajectory
around L; with A = 250000 km, R = 90000 km
(zy-maneuvers). Second row, example of two-sided
cycle. Trajectory about L, with with A = 55000 km,
R=14000 km. (z-maneuvers). The maneuvers are

marked with a small box.



Animaciones
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Objects in the Center Manifold

The "more relevant” objects that appear in
the central manifold of the collinear equilibrium
points of the RTBP are:

— The Lyapunov planar periodic orbit (outer
curve),

— One vertical periodic orbit,

— Two simmetric periodic halo orbits,

— A Cantor family 2-D tori around the verti-
cal periodic orbits (Lissajous orbits),

— Two Cantor families of 2-D tori around the
halo orbits (quasihalo orbits).



All these object can be determined either using
numerical procedures or in a semi-analytical
way, computing formal series aproximations us-
ing the Lindstedt-Poincaré method.

The numerical procedures are based in the
use of Newton’s method for the computation
of fixed points (periodic orbits) or invariant
curves (2—D tori).



Formal series solutions

Lissajous orbits: two frequencies and two am-
plitudes.

@)

Z Z a’zgkm sin (kel + mby) aiﬁj-

LJ=1 \[k|<i,|m|<j

Halo orbits: one frequency and one ampli-
tude.

©@,

> > az’jk sin > (kwr) | i@,

i,7=1 \ |k|<i+j
A(a,B) = 0.

Quasihalo orbits: two frequencies and one
amplitude.

> cos -
> > aijm cin (K01 +mb2) [~

i=1 \|k|<K,|m|<i

Where 01 = wt + ¢1, 0o = v71 + @1,

00 o 00
Y wiiatB, v= > ya

1,j=0 1,j=0



Stable and Unstable Manifolds
Numerical computation

For the periodic orbits (halo and vertical),
the eigenvectors of the monodromy martix can
be used to get local (linear) approximations
of their stable and unstable manifolds. The
numerical globalization is easy.

For quasihalo orbits with not very large val-
ues of ~, the stable/unstable eigenvectors of
the variational matrix computed over one
revolution, approximate quite well the s/u di-
rections.

When we have the direction of the s/u mani-
fold, at the begining of a revolution, it can be
obtained at any point, transporting the vector
by means of the differential of the flow.



Semianalytical Computations of Invariant
Manifolds for Lissajous orbits

T—21y—(14+2c) z = 3z:(ifn,;OnPn(E)a
8azn23 P
. . 0 n T

{ g+2z+(c2—-1)y = —ch,o Pn{—1],
aynzgg P
0 x

zZ+cp z = —chpnpn<—>,
8zn23 P

z(t) = 1€t + age™ 0! + az cos(wot + ¢1),
y(t) = kpa1e?ot — krase 0! + kyaz sin(wot + ¢1),
z(t) = agcos(vot + ¢2).



z(t) = elimi)0s [P i dm COS(pO1 + q02)+
wkm sin(p 61 + qeg)] ozla204]§oz4

y(t) =Y eli71% |yP0  cos(pOy + q02)+ |
yfqum sin(p6q1 + q92)] ala‘%aéoﬂl

2(t) =D el [P cos(poy +q62)+
qum sin(p 61 + qﬁg)} ozlozjzozéozzn

where 01 = wt 4+ ¢1, 0> = vt 4 ¢, 3 = At and,
]k

W = ) Wijkm Q] 00304,
vV =723 Vijikm aﬁoz]zagozzn,
k

— )
A= Aijkm @japazay’.



Zero Values and Symmetries
Lissajous case

Facts to save computer storage and CPU time.
Considering a series truncated at order (N1, N»).

e We consider always terms with 7,7, k,m > 0O
and p > 0.

e Always i+j < N1, k+m < Np (and i+j+
k+ m < N> for a type I series).

e Always p < k and p =k (mod 2).

e Always |q] < m and ¢ = m (mod 2) and
in case that p = 0, only terms with ¢ > 0O
must be kept.



pq oy 27| pq
o Coefficients z; ikmt Tijkm Yijkm and gt

are zero when m is odd.

zgkm

e Coefficients 2P and zP are zero when

m IS even.

zgkm zgk'm

e For any ¢, 3, k, m,p,q we have,

P4 — . Pd ZP4  _ _=Dq
zgkm ]zkm z]km jzkm
prq — _ P4 —Pq — ~=Pq
Yiikm — “Yjikm Yiikm — Yjikm
P L | P4 — _5Pd
1 km ]zkzm 17km ]zkzm
~Pq — .. P4 — zPq —
and in particular, x* ik — Yiikm — Ziifem — 0

e Terms of the frequency series can be dif-
ferent from zero only when ¢ = 5 besides k
and m are even.



Semianalytical Computations of Invariant
Manifolds for Halo orbits

z(t) = a1’ + age™ 20! + oz cos(wot + ¢)
y(t) = koa1e?0t — kpage 20! 4 kyagsin(wot + ¢)

z(t) = ay cos(wot + @)

p

T—2y—(14+2c)xz =

y+2zx+(c2—1)y

N\

z4+co z =




g
x(t) = Ze(z 7103 [wfjkm cos(ph1)+ |
fgjkm Siﬂ(p@l)} aﬁaéaéaﬁ”

y(t) =Y eli=1)03 [y%km cos(pf)+
g%km Siﬂ(p@l)} ozzloz%ozléozzn

) =Y o(i—7)03 [Z%km cos(ph1)+
k

Z,Z-km sin (p@l)} aﬁaéag)ozzn

where 601 = wt + ¢1, 63 = At and,

W = > Wijkm o/ioz]. gozzn,
— PN
A =2 Aijkm 0471.()42.043(127“.

A =3 diikm ()47104]204%0427’ = 0.



Zero Values and Symmetries
Halo case

Facts to save computer storage and CPU time.
Considering a series truncated at order (N1, N»).

e \We consider always terms with ¢,7,k,m > 0
and p > 0.

e Always i+ j < Ny, k4+m < No (and i+ j+
kE+ m < N, for a type I series).

e Always p<k+m and p=k+ m (mod 2).

. D p
e Coefficients Tiikm' Tijkm' Yijkm

are zero when m is odd.

and g%km

o D =p
e Coefficients Ziikm and Ziikm are zero when
m IS even



e For any i, 35, k, m,p we have,

— P — _=pb
p]km T xjikm p]km T sz'km
D — =P

Z;kﬂ@ 7tkm likrn yjiknz
] zp z — —Zp
zngn Jitkm zgkrn Jitkm
—p =

In particular, .., = = ymkm Ziikm

e Terms of frequency series can be different
from zero only when 7 = 5 besides k£ and m

are even.
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T he use of the Invariant Manifolds

e [ransfer from the vicinity of the Earth

e Station keeping and eclipse avoidance

e Iransfer between libration point orbits
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