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Overview

Introduction.
— What are the Trojan asteroids?

— Restricted Three Body Problem.

Frequency Analysis.

— Close-to-integrable systems and KAM tori.

— Numerical approximation of the fundamental frequencies.

Global dynamics of the Trojans phase space.

— The Sun—Jupiter—Saturn model.

Computer Lab:
RTBP equations.
Numerical integrator of ODE: Taylor method.
FURIANE: Frequency Analysis program.
Plotting the results: PGPLOT.




What are the Trojan asteroids? ()

L4: Greek asteroids

L5: Trojan asteroids

Ly:

Achilles

Hector

Ls:

Patroclus




What are the Trojan asteroids? (Il)




What are the Trojan asteroids? (lI)

F. Chodas [MASASMPL)




The Restricted Three Body Problem
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FREQUENCY ANALYSIS




Frequency Analysis:
Close-to-integrable systems and KAM tori (I)

H(I,0) = Ho(I) + eH.(1,0), (I,0) € B"xT", B C R"

e Fore =0:

 9H,

& oI,

If det (8"55,[)) £ 0 (non-degenerate system), thequencymap

F. B" — R"
I —  w()

Is a diffeomorphism on its image.

Motion in phase space takes //
place onnvariant tori.




Frequency Analysis:
Close-to-integrable systems and KAM tori (1l)

H(I,0) = Ho(I) +eH.(1,0), (I,0) € B®xT", B C R"

e Fore # 0: The KAM theoremasserts that, for sufficiently small there
exists a Cantor sé€2. > w, for which the invariant tori of the unperturbed
system persistKAM tori.

Forw € ()., the solution lies on a torus and can be parametrized, for
instance, by a Fourier series:

2 (1) = zgewjt + Z aij(w)e“k’wﬁ, i=1,...,n
k

If we fix & € T" to some valuéd = 6, we obtain the frequency map @*:

F90 :Bn —>Rn




Frequency Analysis: Quasi-periodic approximation (1)

f(t) — Z a/kei<k7w>t, a,k- E C,

kezm
be a quasi-periodic function for which we know a table of equidistant values in
the time spanf0, T'): f(tx),tx € [0,T],k=1,...,N.

The frequency analysis algorithm provides (numerically) the values of the:
e Frequenciesiy
e Amplitudes:as

of a function

ft) = Z ape'r!
that approximateg(¢) in [0, 7).




Frequency Analysis: Quasi-periodic approximation (1)

Phase space of a close-

. — Quasi-Periodic Motions
to-integrable system

Frequency decomposition of
particular trajectories

Diffusion index e § gives an estimation of the “chaoticity”
s_ | _w of the particular orbit.
T W e If the trajectory associated to an initial
condition is quasi-periodid, is zero.




Frequency Analysis:Example |

RTBP nearls: H(I, QD) =111 + 2l + Zl_l_:o;

- SR o

o

&
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Diffusion index

azlog‘l—g
w1

0.02




GLOBAL DYNAMICS
OF THE
TROJANS PHASE SPACE




Trojan Global dynamics:
Sun—Jupiter—-Saturn Model




Trojan Global dynamics: Orbital Elements

Planst's
instantaneous
position

Planet's Orbit

(perihelion)

"

N (ascending node)

T'{\'B!r‘.’-,l!

equinox)
{1 = longitude of the
ascending node
w = argument of
perihelion
v = frue anomaly
| = inclination
a = semimajor axis
@ = @ccentricity

wull+n

(sum of angles measured in difterent planes!!)
= "longitude cf perihelion”




Trojan Global dynamics:
Basic Frequencies of the planets (1)

Time window: 10 Million years.
Motion of the planets can be considered quasi-periodic.

Apply frequency analysis to:

ap(t)

where
e p =5 — Jupiter p = 6 — Saturn.
e )\ =w + M: mean longitudeX/: mean anomaly).

e w = () 4 w: longitude of the perihelion.



Trojan Global dynamics:
Basic Frequencies of the planets (Il)

frequency ("lyr) | Period (yr)

109254.63165 11.8622
43995.34975 29.4577
4.02760 321780
28.00657 46274.9
—26.03912 49771.3

e {ns,ne}: Proper Mean Motion of the planets.

e {gs5,96,6}: Secular frequencies.




Trojan Global dynamics:
Frequencies of the asteroids (1)

Time window: 5 Million years.

Apply frequency analysis to:

a;(t)
B (1)

v; (t)

FREQUENCY MAP:




Trojan Global dynamics:
Frequencies of the asteroids (ll)

e Fixed phase:

e Fixed inclination,l = I5:

FREQUENCY MAP:

F(I5,90) : (CL, 8) = (Vaga 8)'




Trojan Global dynamics: Diffusion

Frequency of libration: Diffusion index:

v o~ [0,T] 5 ) !
v=1——

v~ [T,2T)] v

Color code:

e 6v > 10"%: Strongly irregular motion. [RED]

e 5v <10~ ": Close-to quasi-periodic motion. [BLUE]

e [BLACK] : Escaping orbits.







Trojan Global dynamics: Frequency Spacdg, s)

-5

-10




Global dynamics: Observed Trojans (1)
How to locate the observed Trojans in the global dynamical pictures?
e FREQUENCY MAP:  Fy, : (a,e,I) — (v,g,5).
e PHASE PROBLEM: For every observed Trojén+# 6.
e IDEA: Look at theFrequency Space
For the Trojan asteroigi:
(aj, €5, 15, Aj,@5,85) = Fo;(a;,¢e5,1;) = (v5, 95, 85)

Let D be the domain of initial conditionsa, e, I) € D andF = Fy, (D).

OBS: Fy. (aj,e4,1;) € F. Then, we define (well defined il integrable)

~

(Gj,85,15) = Fy,' o Fy, (a;,e5,1;).
2 # trajectories lie on the SAME TORUS- DYNAMICALLY EQUIVALENT
—  (aj,ej5,1;,00) vs. (aj,ej,1;,0;)
FREQUENCY VECTOR<— INVARIANT TORUS




Global dynamics: Observed Trojans (I1)

In practice, we find two main difficulties:

1. H is not integrable in an open subset of the phase space

Y

F, ' is not invertible.

2. The domain of initial condition® is a discrete setD

Y
Discrete Frequency Spacé“: = Iy, (25)

~

For a given Trojan, we approximaté;, €;, I;) ~ (a;,e;, ") such that

dj,o — HFQj(ajaejalj) - FQO(CL*,B*,I*) ‘2

is minimal in the gridD.
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1.

2.

Global dynamics: Technical details (I)

Initial conditions (orbital elements) of Jupiter and Saturn.

Take a grid of points in théa, e) plane:
(a,e) € A = [5.20,5.40] x [0.05,0.30] and
=I5, =X -3, mw=w— 7,0 =0Qs.

3. For every initial conditionga, e¢), perform a 5 Myr. integration with the

symplectic integratoof the family SABA,,: J. Laskar and P. Robui¢High order
symplectic integrators for perturbed Hamiltonian systeraglestial Mech.80:39-622001

(a) Take a sample aN equidistant points and do frequency analysis of this
sample of the trajectory.

(b) Keep the firsti0 frequencies (with larger amplitude).

(c) Choose a base fdr, g, s). In our case,

v € [7000,9500] g € [250,450] s € [—50,10] (“/yr)

Periods:v ~~ 150 yr g ~ 4000 yr s ~ 65000 yr
(d) ldentify (v, g, s) of the particular trajectory.



Global dynamics: Technical details (1)

. Repeat point (3.) for the interval 5 Myr. to 10 Myr.
Keep the frequencieg/’, ¢', s').

/
14

. Compute the diffusion index dv=1— —
14

. Save a file where every entry (line) is

a ov 0g 0s

. Perform a contour plot assigning a colordte for every point(a, e):

e PGPLOT
e Gnuplot
e Matlab

DiFfuskon incex




COMPUTER LAB




Computer Lab: 2 dof model, planar RTBP

(p2 +py) + (yp= — py)

1 —p ©

Ve —p)?2+y? (- p+1)? +y




Computer Lab: Initial conditions

H(xayapahpy) : (x7y7p$7py) €R4

z(Ls) — 0.05 z(Ls) + 0.05

Lo: alls) = =05 y(Ls) =L polLs) = —u(Ls) py(Ls) = a(Ls)

Fix:  pe =p2(Ls) and py = py(Ls).




Computer Lab: Final Goal

Diffusion index

—0.54 —0.53 -0.52 —0.51

color value




Computer Lab: Tools

e Numerical Integration of ODEs:
— Taylor method.

— Your favorite integrator.
e Furiane: Refined Fourier Analysis

e PGPLOT.




