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estructura homocĺınica y procesos de spike-adding
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Motivación

− Comprender la dinámica cerebral

− Tratamiento de ciertas patoloǵıas como la enfermedad de
Parkinson o la epilepsia, relacionadas con fenómenos de
sincronización.



Modelos neuronales

− Hodgkin-Huxley (1952)

− FitzHugh-Nagumo (1961)

− Morris-Lecar (1981)

− Hindmarsh-Rose (1984)

− Izhikevich (2003)

. . .



El modelo de Hindmarsh-Rose (1984)


ẋ = y − ax3 − bx2 + I − z

ẏ = c − dx2 − y

ż = ε(s(x − x0)− z)

x: potencial de membrana

y: corrientes iónicas rápidas

z: corrientes iónicas lentas
(0 < ε� 1)



Bursting en el modelo de Hindmarsh-Rose

− Fold/homoclinic.

− Modelos de células β
pancreáticas y de neuronas
en el complejo
pre-Botzinger.

− Fold/Hopf.

− Modelos de células β
pancreáticas y de
algunos sistemas
enzimáticos.



Dinámica fast-slow: Teoŕıa de Fenichel (0 < ε� 1)

− Para ε = 0, tenemos el sistema congelado{
ẋ = y − ax3 − bx2 + I − z

ẏ = c − dx2 − y

− Para cada valor de z , consideremos los equilibrios y ciclos
ĺımite.

− Al mover z , obtenemos variedades invariantes formadas por
puntos de equilibrio (Mslow ) y variedades invariantes formadas
por órbitas periódicas (Mfast).

− Mientras estas variedades sean normalmente hiperbólicas,
serán persistentes en el sistema global.



Configuración fold/hom



Configuración fold/Hopf



Variedad secundaria de ciclos ĺımite
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Spike-adding según Terman (1991): caso continuo



Spike-adding según Terman (1991): caso caótico



Intervalos entre spikes: diagramas IBD
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Spike-adding continuo (I)
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Spike-adding continuo (II)
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Fig. 8. Analysis of the spike-adding process from 2 to 3 spikes for ε = 0 . 01 . Top: Biparametric diagram with the spike-counting technique and main bi- 

furcation curves for the transition along selected spike-adding process. Bottom: Bifurcation diagrams for segments marked on top picture ( L 1 ≡ I = 2 . 2 ; 

L 2 ≡ I = 2 . 727 − 3 . 0918(b − 2 . 926) ; L 3 ≡ I = 2 . 891 − 3 . 0918(b − 3 . 001) ). Two pictures have been performed for each segment: one plot with the standard 

bifurcation continuation diagram given by AUTO showing the ‖ · ‖ 2 norm of the orbit and another one with the y value of the points where the corre- 

sponding orbit has a maximum for variable x . 

Fig. 9. (a): Evolution of periodic orbits throughout the process of spike-adding. (b): Bifurcation diagram obtained by continuation corresponding to the 

segment L 1 on Fig. 8 . The coloured numbers mark the points in the diagram corresponding to the selected values. Along the continuation of the bifurcation 

lines we observe periodic orbits with two spikes (orbit 1), later headless canards (orbit 2), maximal canard (orbit 3), canards with head (orbit 4), and 

finally orbits with three spikes (orbit 5). 

1Innocenti et al, Chaos 2007.



Mapa de spike-counting en (b, I ) para ε = 0.01
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Las curvas de bifurcación homocĺınicas

− Hay una curva por cada transición.

− Las distintas curvas están casi superpuestas, y las asociadas a
bursting de más spikes son más pequeñas.

− Presentan un pliegue en la parte inferior.



Órbitas homocĺınicas en R3

Sea Γ0 una órbita homocĺınica al origen, y sean los autovalores
correspondientes λs < 0 < λu < λuu. Genéricamente,

(H1) Γ0 6⊂W uu(0).

(H2) La intersección de W cs(0) y W u(0) es transversal a lo
largo de Γ0.



Inclination-flip (IF)

Se cumple (H1) pero no (H2): pérdida de la transversalidad.



Orbit-flip (OF)

Se cumple (H2) pero no (H1): la órbita está contenida en la
variedad inestable fuerte.



Despliegue de IF y OF: caso C

− En función de ciertas relaciones entre los autovalores, existen
diferentes despliegues.

− En el modelo de Hindmarsh-Rose sólo hemos encontrado el
caso C:
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hom
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fold

PD
fold

PD

hom(2)
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Bifurcación de Belyakov

Sea Γ0 una órbita homocĺınica al origen. Supongamos que el
origen es un equilibrio de tipo nodo-silla con autovalores
λs < 0 < λu, de forma que λu tiene multiplicidad geométrica 1 y
multiplicidad algebraica 2.



Evolución al variar ε: mapas de SC



Nuestros objetivos

Estudiar qué ocurre cuando ε cambia

− ¿Por qué se pierden bandas de bursting cuando ε crece?

− ¿Cómo influye el valor de ε en los diagramas de bifurcación en
(b, I )?

Procesos de spike-adding

− ¿Cuál es el rol de la estructura homocĺınica en su
organización?

− ¿Cómo se producen las transiciones?
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Evolución de los diagramas cuando ε crece
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Evolución de los diagramas cuando ε crece (II)
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Evolución de los diagramas cuando ε crece (III)
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Evolución de los diagramas cuando ε crece (IV)
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Curvas de bifurcación hom(n, n + 1) para distintos valores
de ε
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FIG. 7. Global schemes with the
different possibilities on the plane (b, I)
when the small parameter ε changes.
The schemes shown correspond to the
obtained results from AUTO for particular
values of ε.

(although there are some bands with bursting dynamics). Again, all
these changes ask for a detailed three-parameter study. Recall that
attending to the lower panels of Figs. 5 and 6, we can conclude
that all OF and IF bifurcations are in Case C. This fact implies the
birth of an infinite number of fold and period-doubling bifurcation
curves emerging from these points, as well as infinitely many sec-
ondary homoclinic bifurcation curves with extra passages close to
the equilibrium point (see Fig. 2).

The bifurcation diagrams in Figs. 5 and 6 also show the dis-
appearance of the Belyakov bifurcation points. As ε increases, the
distance between the two Belyakov points shrinks until they collapse;
for ε = 0.08, there are no Belyakov bifurcation points. Lower panels
help to understand how the Belyakov bifurcation points disappear.
As ε increases, the homoclinic bifurcation curve has a smaller por-
tion in regions SN1 and SN2. Note that the Belyakov bifurcation
points appear when the homoclinic bifurcation curve intersects the
borderline between regions SN1 and SF.

As it can be observed in the upper panels of ε = 0.018, 0.02, 0.03,
qualitative changes in the period-doubling (PD) bifurcation curves
occur for values of ε near to the value for which IF bifurcation points
disappear (ε ≈ 0.0197). For ε = 0.015, we have plotted just one of
the PD bifurcation curves emerging from each IF bifurcation point
and for each one of the homoclinic bifurcation curves (in fact, the
theory37 regarding IF bifurcation points shows that infinitely many
one-sided PD bifurcation curves emerge; see Fig. 2). A continuation
of these curves in the plane (b, ε) shows that pairs of PD bifurcation
curves are transformed into a single curve that persists for higher
values of ε. This fact is a direct consequence of the disappearance
of IF points where the pencils of PD and fold bifurcation curves are

born. Therefore, the curves do not have a mechanism to finish and
so they have to continue connecting both branches. Effects of this
type have been already reported in the literature in other contexts
(e.g., Refs. 48 and 49).

In order to summarize all the previous results, we show in Fig. 7
the complete global schemes with the different possibilities on the
parameter plane (b, I) when the parameter ε changes. The schemes
correspond to the results obtained for particular values of ε, but each
bifurcation diagram is persistent, that is, it is qualitatively equiva-
lent on any close enough horizontal slice. In the figure, we show a
table in which each row corresponds to a certain transition from n
to n + 1 spikes, while each column corresponds to a given value of
ε. For each n and for each value of ε, we show the corresponding
homoclinic bifurcation curve(s), the codimension-two homoclinic
bifurcation points and some PD bifurcation curves. Color codes are
those used in Figs. 5 and 6. When two adjacent boxes share the same
diagram, we mean that the corresponding two cases are qualitatively
the same. When a certain box appears crossed out, it means that
there is no homoclinic structure for the corresponding transition in
the number of spikes and for the given value of ε. This organization
allows the reader to have a clear sight of all the different situations
and to understand how the homoclinic structures vary as ε moves
and different number of spikes are considered.

The first row of the table, i.e., the cases associated with 1 spike,
has been already discussed. As it can be easily observed, the main
difference between the case n = 1 (change from 1 to 2 spikes) and
the other cases is that in the latter cases there is no longer a unique
homoclinic curve for all values of ε, but two homoclinic curves exist
for low values (this is the first time this fact is observed in the HR

Chaos 30, 053132 (2020); doi: 10.1063/1.5138919 30, 053132-10
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Superficie de bifurcación hom(1, 2)

Chaos ARTICLE scitation.org/journal/cha

model). Second, it is also important to note that the number and
the type of codimension-two bifurcation points vary significantly
with n. In the case n = 2, for all the values of ε, the codimension-
two points present a similar situation to their analogs of 1–2 spikes.
However, in the case n = 11, some of the codimension-two points
that appear in the former cases do not exist (see, for example, the
Belyakov points for ε = 0.009 18 and 0.015). Last, the case n = 11
reveals that the persistence of the homoclinic structure as ε increases
depends on the number of spikes to which it is associated (see the
fourth column, corresponding to ε = 0.08). This fact suggests the
existence of a mechanism of disappearance of the global structures
for large number of spikes when ε grows. All these numerical find-
ings and hypothesis underlying these differences will be discussed in
Secs. IV–VI.

Note that all the previous discussions make clear that when
dealing with fast–slow systems, the understanding of the mecha-
nisms of creation and destruction of spikes requires studies in spaces
of parameters which include the “small parameters.” It is essential to
have a global view of the bifurcations and Secs. IV–VI will stress the
relevance of this goal.

IV. GLOBAL ANALYSIS CHANGING ε

As shown in Sec. III, a higher dimensional analysis is needed in
the parameter space in order to explain the changes in the bifur-
cation diagrams observed in planes (b, I). In this section, we will

discuss the three-dimensional structures associated to the different
homoclinic bifurcation curves we have observed.

In Figs. 8–10, we provide bifurcation diagrams in the three-
parameter space (b, I, ε). Codimension-one homoclinic bifurcations
are shown in black, Belyakov bifurcations in magenta, IF bifurca-
tions in green, and OF bifurcations in gray, as in previous pictures
of this article. We have calculated curves of codimension-one homo-
clinic bifurcations with a step of 0.001 in the parameter ε using
AUTO software, in order to visualize surfaces. For each case, the
three-dimensional diagram is shown, as well as projections in the
planes (b, I) and (I, ε). These representations allow us to understand
the mechanisms of appearance or disappearance of the different
codimension-two bifurcation curves. It must be remarked that we
have found difficulties for the continuation of OF bifurcation curves
with AUTO in the HR model. For that reason, the continuation of
OF curves is only partial in Figs. 8 and 9. In the parametric zones,
where we have been able to obtain the OF points, we provide an
interpolated curve in gray color. We conjecture, taking into account
the points already calculated and the rest of bifurcation curves, that
the full OF bifurcation curve in these two cases will be similar in
shape to the IF curve. They will show a fold for large ε values, and for
ε ↘ 0, they can continue or they can end in either a codimension-
three point (such as the IF curve in Fig. 8) or at one turning point of
the homoclinic codimension-one curves when they have two com-
ponents (such as the IF curve in Figs. 9 and 10 and the OF curve
in Fig. 10). In any case, the numerical results show us a complete
picture of the global dynamics of the system.

FIG. 8. (a) Three-parameter plot

(b, I, ε) for the hom(1,2) homoclinic case;
(b) and (c) plane projections. Homoclinic
bifurcations of codimension-one and two
are shown. The OF bifurcation curve in
gray is only part of the complete curve.

Chaos 30, 053132 (2020); doi: 10.1063/1.5138919 30, 053132-11
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Superficie de bifurcación hom(2, 3)Chaos ARTICLE scitation.org/journal/cha

FIG. 9. (a) Three-parameter plot (b, I, ε) for the hom(2,3) homoclinic case; (b) and (c) plane projections. Homoclinic bifurcations of codimension-one and two are shown. The
OF bifurcation curve in gray is only part of the complete curve.

Looking at the first two cases in Fig. 5, we observe how a
IF bifurcation point appears close to the upper Belyakov point. If
we observe now Fig. 8, we clearly see that it seems that the IF
and Belyakov bifurcation curves collide at the numerically obtained
parameter values,

ε ≈ 0.009 189, b ≈ 3.102, I ≈ 4.713.

This “collision” would give rise to a codimension-three point that it
is not studied in the literature, but it is out of the scope of this arti-

cle. Besides, it is clear that, in the case hom(1,2) (Fig. 8), the Belyakov
bifurcation points and also the IF bifurcation points disappear due
to a folding of the bifurcation curve with respect to ε (the maxima
we can observe in the 3D plots) of their corresponding bifurcation
curves in the three-dimensional parameter space. Specifically, the
Belyakov bifurcation curve has its folding point at ε ≈ 0.0748 and

the IF bifurcation curve at ε ≈ 0.0197. In the case of hom(2,3) (Fig. 9),
the Belyakov bifurcation curve presents a similar behavior to the

hom(1,2) case. However, there is a very important difference in the
way the IF bifurcation curve disappears. Note that curves forming

the surface hom(2,3) have two disconnected components for (fixed)
low values of ε. In addition, the system ceases to exhibit homoclinic
connections in one of the regions in the parameter space where the

geometry of the flow is the appropriate for the formation of IF bifur-
cations. This situation appears again in all the codimension-two

curves in the case of hom(11,12) (Fig. 10). Therefore, we can observe a

clear difference between hom(1,2) and all the other cases. This change
in the topology of the homoclinic surfaces will be explained in more
detail in Sec. V.

There is also another remarkable difference regarding the
values of the small parameter for which each homoclinic surface

disappears. In the cases hom(1,2) and hom(2,3), it can be seen that
the homoclinic curves clearly persist for all the values of ε we have
studied, namely, up to ε = 0.08. Note that for larger values, we
cannot consider the system as a fast–slow one. However, in the

case hom(11,12), the homoclinic surface has disappeared at ε ≈ 0.038.
Using the SC technique, we discover band structures in the param-
eter planes with ε fixed, as shown in Figs. 5 and 6. Each band is
associated to a given number of spikes per burst. The spike-adding
process in fold/hom bursters was connected recently25,50 with saddle-
type canards.51,52 Besides, the necessary fold bifurcations of periodic
orbits of the spike-adding process for hold/hom bursters were also
recently connected with codimension-two homoclinic bifurcation
points and also the homoclinic orbits experiment canard phenom-
ena on one turning point of the homoclinic bifurcation curves.15,27

Our numerical findings also support this idea, as they show clearly

Chaos 30, 053132 (2020); doi: 10.1063/1.5138919 30, 053132-12
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Superficie de bifurcación hom(11, 12)Chaos ARTICLE scitation.org/journal/cha

FIG. 10. (a) Three-parameter plot

(b, I, ε) for the hom
(11,12) homoclinic

case; (b) and (c) plane projections. Homo-
clinic bifurcations of codimension-one
and two are shown.

that the disappearance of a band corresponding to n spikes is linked
to the disappearance of the corresponding homoclinic curves (sur-

faces) hom(n,n+1). This is a quite important consequence of the
three-parameter plots, as they explain the simplifications that are
observed in the band structure of the fold/hom regime as ε increases,
giving rise to burst phenomena with a small number of spikes (see
in Figs. 5 and 6 how the number of color stripes decreases when ε

grows).
All the above mentioned features, together with the SC sweeps,

suggest that the bigger the number n of spikes is, the smaller is the
value of ε for which the corresponding homoclinic curve vanishes.
Moreover, the numerical results show that the different homoclinic
curves are stacked in a certain direction, being hom(1,2) the first one,
providing an upper bound for “length and shape.” The other homo-
clinic surfaces are disposed, exponentially close each other, as slabs
in increasing order with respect to number of spikes per burst, but
decreasing their size.

We have checked that Belyakov and IF bifurcation curves of
different numbers of spikes overlap with each other in all the points
in the (b, I, ε) where they coexist (they are exponentially close each
other, like the homoclinic bifurcation surfaces). One can understand
that the magenta (Belyakov) and green (IF) curves are placed in a
fixed location in all the diagrams due to the requirements for their
existence, and the existence or not of bifurcation points for some
of the ε values depends if the corresponding homoclinic bifurca-
tion curves (black curves) cut them. However, OF bifurcation curves
corresponding to different numbers of spikes do not coincide with

each other, and in fact they are quite far. This behavior is consistent
with the role of OF bifurcation points in the spike-adding process as
stated in Refs. 15, 20, and 27.

What remains in the numerical tests is to reveal what is the
aspect of the homoclinic surface in all cases, that is, if it is just a one
leave surface or it has folds and it is a two (or more) leaves surface.
This is in fact a relevant question as it will give the global structure
of the homoclinic leaves. We are going to show the structure of iso-
las displayed by the different homoclinic bifurcation curves, once
the parameter ε is fixed. We do not pay much attention to explain
the transitions from n to n + 1 spikes on a given curve or surface
(for details of this process, see Refs. 27 and 31) on both sharp folds
of the isolas. Isolas are isolated closed curves of solution branches;
hence, the curve is homotopic to a circle. In the literature, there are
several examples of isolas of equilibria53,54 or limit cycles.55–57 Com-
puting many isolas is tedious and requires an adequate strategy. For
instance, in Ref. 53, the authors develop a strategy for locating fami-
lies of isolas of equilibria. In this article, we focus on the detection of
isolas of homoclinic orbits (see also Ref. 58) in the parameter space.

By performing sections on the surface hom(2,3) and using
AUTO, with a large number of points and steps to guarantee some
numerical precision in the computations, we have obtained the
results given in Fig. 11. The pictures show codimension-one homo-
clinic isolas in the parameter plane (b, I) for ε = 0.03 (panel A)
and ε = 0.07 (panel B). In the case ε = 0.03, the AUTO software
is not able to connect one side of the isola, and adjusting different
parameters of the software, just slight increments in the length of

Chaos 30, 053132 (2020); doi: 10.1063/1.5138919 30, 053132-13
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Comparación de las distintas superficies de bifurcación

ε

I

Hom(1-2)
Hom(2-3)
Hom(6-7)
Hom(11-12)

ε

b I

ε

b
I



Isolas homocĺınicas
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Visión global: milhojas homocĺınico
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Estructura homocĺınica en el bursting fold/hom
R. Barrio, S. Ibáñez and L. Pérez et al. / Commun Nonlinear Sci Numer Simulat 83 (2020) 105100 7 

Fig. 6. Generic theoretical scheme ( n > 2) showing the entwined bifurcation diagram involved in the spike-adding mechanisms. See the text for explanation. 

3. Global theoretical scheme 

In Section 2 we have seen numerically how the main bifurcations (period doublings and folds of periodic orbits) which 

are involved in the spike-adding mechanism are organized with respect to the homoclinic structures exhibited in the system. 

Next, we introduce a theoretical scheme providing a fully general overview of the process. 

3.1. Global theoretical scheme: biparametric case ( ε fixed) 

Using the numerical simulations shown in Section 2 and previously in [7,8,16] , we provide in Fig. 6 a more complete 

generic scenario of the transition in fold/hom bursters from n to n + 1 spikes when ε is small. Note that the homoclinic isola 

component was illustrated in the previous section exploring the hom 

(6,7) case. As already explained in [7] , the homoclinic 

isolas are piled up and their size decreases as the number of spikes increases. In each homoclinic curve we find some 

significant degenerations: three inclination flips and two orbit flips. The two inclination flips on the left side are terminal 

points for fold and period doubling bifurcations, but they do not play a relevant role in the discussion below. Depending on 

the location, either above or below the isola, the mechanisms to create extra spikes are different. Note that the scheme is 

partial as more bifurcations and codimension-two points should be present. 

In Fig. 6 we have remarked the complete structure for the n to n + 1 ( n > 2) spike-adding process. Suppose we follow 

the evolution of a periodic orbit with n spikes as we move from the right side of the parameter plane and below the 

homoclinic curve (see right plots of Fig. 1 ). This orbit undergoes through two fold bifurcations which give rise to a hysteresis 

phenomena (a Z-shaped continuation curve). The first one is on the left, where the orbit becomes unstable and later the 

continuation goes back to the right till the fold bifurcation on the right is reached. There, the periodic orbit becomes stable 

again and, as we will shortly explain, exhibits an extra spike. The stability is lost later through several period doubling and 

fold bifurcations (due to some pencils of these bifurcations generated on codimension-two bifurcation points) till another 



Distintos procesos de spike-adding
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Spike-adding discontinuo inducido por caos
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Spike-adding discontinuo inducido por caos (II)
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Spike-adding continuo inducido por canards
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Spike-adding continuo inducido por Hopf
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Bifurcaciones de cúspide: transición entre spike-adding
inducido por canards e inducido por Hopf
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Bifurcaciones de cúspide: transición entre spike-adding
inducido por canards e inducido por Hopf (II)
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Bifurcación homocĺınica: transición entre spike-adding
inducido por canards e inducido por caos
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Despliegue del inclination-flip: transición entre
spike-adding inducido por caos e inducido por Hopf
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Mapa de procesos de spike-adding
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