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Motivation

Brain dynamics
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Motivation

Brain dynamics: simplified model
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» Study the parametric phase space of Neuron models

» Chaotic structures and topological changes
and Singular Perturbation limit

» Central Pattern generators: coupled models

6 Study the parametric phase space of Neuron models
9 Template analysis and dependence on ¢

e Central Pattern generators: coupled models
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Study the parametric phase space of Neuron models

Parametric phase space and main bifurcations |
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Hogkin and Huxley

A

Sir Andrew Fielding Huxley Sir Alan Lloyd Hodgkin
(1917 - current) (1914 - 1998)

@ Huxley and Hodgkin received the 1963 Nobel Prize in Physiology or
Medicine for their work on action potentials together with John Carew
Eccles who was cited for his work on synapses.

@ Their work was one of the earliest applications of the then novel voltage
clamp method to the giant axon of the Atlantic squid.



The Squid Giant Axon

@ The giant axon of the Atlantic Squid is

. Nerves
part of its water propulsion system and o / g gt ens
optimized for speed. Since the axon is Brain
unmyelinated it requires a large A
diameter (up to 1 mm) to increase the 4 N e hmle Loligo pealei

conduction speed (up to 25 ms™1).

@ Fortuitously, the squid axon is also a
very simple system with basically only
two types of voltage dependent
conductances.

squid giant axon

Due to its large size, the squid giant axon allowed Hodgkin and Huxley to insert
the electrodes of the voltage clamp apparatus into the lumen of the axon. This
ability combined with the system's simplicity was crucial for the success of their
study of action potentials.



Measurement of Membrane Potential During Action

Potential

Stimulus

@) @ In the years 1939 and 1940 both

7 Squid axon Cole and Hodgkin successfully
measured the action potential at
the squid giant axon.

(B)

@ The measurements revealed that
the membrane potential not only
goes toward zero (as proposed by
Bernstein's theory) but actually
significantly overshoots and
reverses sign.




Mathematical neuron models

The Hodgkin-Huxley model is a mathematical model that describes how action
potentials in neurons are initiated and propagated (1963 Nobel Prize in Medicine). J

NN A

Other mathematical models:
FitzHugh-Nagumo model, Morris-Lecar model, Hindmarsh-Rose model (1984), ...
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The Hindmarsh and Rose model

The Hindmarsh and Rose model (1984)

A phenomenological system of ODEs for modeling bursting and
spiking oscillatory activities in isolated neurons:

X = y—ax®+bx®—z+1
y c—adx?—y (1)
z = e(s(x—xp)—2)

@ Xx is treated as the membrane potential, while y and z describe
some fast and slow gating variables for ionic currents.

@ Slow “activation” of z is due to the small parameter 0 < ¢ <« 1.
@ A key parameter is the external applied current /.
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Fast-slow decomposition

Bursting classification (Rinzel-1zhikevich)

bifurcations of limit cycles
UMM —» | saddle-node saddle supercritical fold
on invariant homoclinic Andronov- limit
* e circle orbit Hopf cycle
saddle-node fold/ fold/ fold/
(fold) circle Hopf fold cycle
=
S
5 (s circle/ circle/ circle/ circle/
8‘ gnr:::anam circle homaoclinic Hopf fold cycle
k-]
o i
s i:%f:;l?a' Hop#/ Hopt/ Hapt Hopt/
g Hopf circle homoclinic Hopf fold cycle
=]
-'6 Lae
:ﬁgf;:'::l subHopt/ subHopf/ subHopft/ subHopt
Hopf circle homoclinic Hopf fold cycle

Square-wave bursting (fold/hom bursting)
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The Hindmarsh and Rose model

General bifurcation analysis: references

@ M. Storace, D. Linaro, E. de Lange, Chaos 18 (2008).

@ A. Shilnikov, M. Kolomiets, Int. J. Bifur. Chaos (2008).
@ R. B., A. Shilnikov, Journal of Mathematical Neuroscience (2011).
@ D. Linaro, A. Champneys, M. Desroches, M. Storace, SIADS (2012)

@ R.B., M.A. Martinez, S. Serrano and A. Shilnikov, Micro and
Macro-Chaotic structures in the Hindmarsh-Rose neuron model,Chaos,
2014.
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The Hindmarsh and Rose model

General brute-force analysis vs. particular ones: spike-count

Spike-Count (SC)

Spiking

=
a
2
@
IS
IS
[
I
Q

29
parameter b
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The Hindmarsh and Rose model

General brute-force analysis vs. particular ones: spike-count
So ... we can distinguish one kind of bursting from another one

M

fold/Hopf

plateau-like bursting

fold/Hopf

fold/hom

T

X

square-wave bursting
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But ... why and where is the chaotic behavior?

Fast-slow system ... lets begin with ¢ = 0.01

spiking

parameter |

29
parameter b

3

parameter b 3.1
T T

1st Lyapunov exponent

29
parameter b
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The Hindmarsh and Rose model: bifurcation analysis

coexistence
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Codimension-two homoclinic bifurcation points

e Inclination flip
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The Hindmarsh and Rose model
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Hindmarsh and Rose: bifurcation sketch

HEY

“ala Linaro et.al.”* + creation of chaotic structures

— SN
— PD
— hom

coexistence

spike-adding region
(coexistence)

*D. Linaro, A. Champneys, M. Desroches, M. Storace, SIAM J. Appl. Dyn. Syst., (2012)
R. Barrio, M. Martinez, S. Serrano, A. Shilnikov, Chaos, (2014).
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Hysteresis: bistability in the spike-adding region

@ Two bursting stable periodic orbits

@ A “microscopic” chaotic bursting attractor and a stable periodic
orbit

° saddle-node

\. bifurcation

— stable

.\ - - unstable
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Classical spike adding process

1=2.4,b=2.63
UV UV,
L L L Il 1 J
1=2.4,b=2.68
0 C 1 1 1 1 1 |
1=2.4,b=2.6819
-5
25
b=2.68 y
N2 b=2.6819 -10
—— b=2.688
1.5 1=2.4,b=2.688
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Classical spike adding process: canards’

]LM Desroches, TJ Kaper, M Krupa, Mixed-mode bursting oscillations: Dynamics created by a slow passage through
spike-adding canard explosion in a square-wave burster, Chaos 23 (4), 046106, 2013.
G Innocenti, A Morelli, R Genesio, A Torcini, Dynamical phases of the Hindmarsh-Rose neuronal model: studies of the transition
from bursting to spiking chaos, Chaos 17 (4), 043128, 2007.
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(d)

[b]
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The macro-chaotic structure

period
halfing

variable z

period
doubling

FITTTITTITTTI]

25

L
26 27 2.8 29 3 3.1 3.2
parameter b
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Template analysis

Template analysis of chaotic attractors and saddles |
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Topological templates

Given a three-dimensional (3D) hyperbolic chaotic flow ®;, Birman and
Williams define the following equivalence relation which identifies
points of the invariant set A having the same asymptotic future:

Vx,yelN, x~y& tlim [|®i(x) — Pe(y)|| =0
—00

The Birman-Williams theorem states:

@ Inthe set of equivalence classes, the hyperbolic flow ®; induces a
semi-flow ®; on a branched manifold K. The pair (¢, K) is called
a template, or knot-holder

© Unstable periodic orbits of ®; in A are in one-to-one
correspondence with unstable periodic orbits of (¢ in K).

Moreover, every link of unstable periodic orbits of (¢, A) is
isotopic to the corresponding link of (&, K).
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Topological templates

trivial knot

trefoil knat_/

Left: two periodic orbits of periods 1 and 4 embedded in a strange attractor; Right: a link of two
knotsthat is equivalent to the pair of periodic orbits up to continuous deformations without crossings.
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Topological templates: subtemplates

(a) a b
‘' /@ | torsion ; a b
: tOO = 0, a {3 2 J
1t =1 b |2 1
2 11 )
Ll = 2
: [ 0 1‘]
1 ilinking
! (o)
vt =0, 0—0
| toa =0, Forbidden
Vtip =2 // '
1 layering N
: lpp =1, S -
Vo2 =1, o

\llgi—l
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The Hindmarsh and Rose model: chaotic attractors

I b=3.05 M b=287 M b=269 b=2.635
<

<

parameter b
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The Hindmarsh and Rose model: periodic orbits

(towards a template analysis)

b=2.69 b=3.05

Chaotic attractor + periodic orbits

a Chaotic attractor + periodic orbits

3
y*o 30

40F

35

26

@ Stability Transformation (Schemelcher and Diakonos) +
+ Optimized Newton method
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The Hindmarsh and Rose model: first return map

(towards a template analysis?)

@ Unimodal maps —>
Two-branches topological
templates.

@ Three symbols are not
necessary, although useful in
some interpretations (X.J.
Wang, Physica D, 62 (1995))

@ Quite complex linking matrices

@ Complete topological model
i (B., Lefranc, Martinez, Serrano
Y; | 2015)

iBarrio, R., Lefranc, M., Martinez, M.A., Serrano, S., EPL (2015).
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Topological templates: Hindmarsh and Rose model

Hundreds of UPO’s — Global template: Smale’s template
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Topological templates: Hindmarsh and Rose model

b M1 M2 M3 M4 M5

306 1 1 O 1 0
305 1 1 |0 1 v2
298 1 1 ‘l’2 1,2
297 1 1 2 174
2915 1 1 2 l3 4
287 1 1 2 3776
2629 1 1 2 3 6>
26281 1 2 ,3 T4
2628 1 1 2 Tl 4
2627 1 1 TZ 112
2626 1 1 0 1 TZ
2625 1 1 0 110
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Topological templates: Hindmarsh and Rose model

Mult.
M1
M2
M4
M6
M5
M3
M6
M5
M6
M4
M6
M5
M6

Bif.
S1
S1X2
S1X4
S6 1
S51
S3

S3 X2
S52
S62
S4
S63
S53
S6 4

Code
aqn
“01”
“0111”

“0111X1”

“011X1”
“oX1”

“001011”

“001X1”

“0011X1”

“00X1”

“0001X1”

“000X1”

“0000X1”

B=2.626 B=2.627 B=2.6285 B=2.6287 B=2.629 B=2.775 B=2.87

B2.915 B=2.98 B=3.05

The topological template for the HR model is the Smale’s horseshoe
template but with forbidden “lanes”.

The templates follows the “onion” structure.

sy

1)
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Topological templates: successive Cantor structures

0—>>0

0-0

0111 11011110 1011

"« Theoretical framework$
for the “onion-bulb” chaotic structures

§Barrio, R., Lefranc, M., Martinez, M.A., Serrano, S., EPL (2015).
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Scheme of the macroscopic chaotic structures (Ve)

symbolic sequences opened

“haogc.

\@y Crs
DNaoy; c
i rs >>>

// spike-adding //
bifurcations
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Singular Perturbed limit

Let’s consider an autonomous system written in the form (slow-fast system on
fast-time formulation)

X =f(X,z;e)=f(X,2) +£2---, x€DCR?
z =eg(X,z;e) =e@o(x,2) +%---, ze GCR,

where ¢ is a small parameter.

A phase point in the phase space of the HR model at ¢ = 0 converges to an
attractor of its fast subsystem.

The attractor is either a stable equilibrium or a stable limit cycle. By varying z,
we obtain a smooth attracting invariant manifold, which can be a space curve
like M, in the phase space, or a two-dimensional cylinder M. spanned by the
limit cycles of the fast subsystem (x = f(x, z; €)).
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Fast-slow decomposition
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Fast-slow decomposition

Spikes are located (O(¢)) in the z interval [SN2, Hom], that is, it is
determined by the time it needs to drift from the stable branch of M, to
the homoclinic edge on M.
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Dependence on ¢

5 = 20
*ﬂ‘j 35

4 £ 15
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parameter b parameter b
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25

parameter |
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o
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! w
! (&
N
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o =]

238 3
parameter b
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Dependence on ¢

€=0.01 €=0.0001
3
3 A 2 o — Az
z
z W\ 2 168 spikes
Zspikes
1
1
X X 0 160
0
-1
-1
- 140
o 50 1004 150 200 250 0 2000 4000 6000 8000 |
\ time N €=0.001 time !
N i~ _— ]z |
\ 2 23 spikes 120
\
\ |
\
\
\ X0 100
\
\
\ -1
\
\
= \ -2
@ 150 Y (] 200 400 600 800 1000 1200 80
o \ time v
i~ /
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2100 60
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a 3 N
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I
] 20
- number
10 1 0'3 4 of spikes
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Dependence on ¢

@ The size of the n-spike-adding windows decreases when n grows
and decreases with ¢

@ As from the Fenichel’s theory the evolution of the z variable
restricted to the spiking invariant manifold converges to the
limiting case for € \, 0 (the stable limit cycle) and therefore
(zmax - Zmin) \: 0.

@ Therefore, the chaotic attractor will have a more complex
organization and more UPO’s foliated to it but it will be more
compact, without spreading a lot in the phase space.

Kma\e's ate wi / \
forbidden chains / Complete Smale’s template \
[ \

vl

1]

W
\
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Realistic model: the leech heart interneuron model

The leech heart interneuron model
(Shilnikov, Calabrese, Cymbalyuk (2005))
A phenomenological system of ODEs for modeling bursting and

spiking oscillatory activities of a leech heart interneuron (derived
through the Hodgkin-Huxley formalism):

C—=—Ina— Ixo+ I — Lypp — Lsyn,
dt Na K2 L app syn

I =g (V — EL), Ixo = gkamg,(V — Ex),

INa = gNa iy INa (V — Ena), mna = m@(V),

dhva o hR2(V) = [1 +exp(50000.0333 — V)] ",
NG 2 = B (V) — h, y
dt mB(V) = [1+exp(—15000.0305 - V)], (@)
TKz% =m2(V) — mka 0 shifty)7-1
7 K2 : mG (V) =[1+exp(—83(0.018 — V + Vgi'h)] .

@ Iy, is the external applied current.
@ Vhittis the deviation from experimentally average voltage value.
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The leech heart interneuron model

PP <oiking & \\\\\\\}\ =

N
™, L
3 e

-0.03

~0.025
I app
~0.02

-0.015
bursting

-0.01
0.1 0.2 0.3 04 05 0.6 0.7
K2

@ Onion-like structures.
@ Spike-adding bifurcations — UPOs foliated in the attractor — ?7?
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Topological templates: Leech neuron model

The same topological template?
as the Hindmarsh-Rose simplified model !!

aBarrio, R., Lefranc, M., Serrano, S., preprint (2016).
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Realistic neuron models

Central Pattern generators:
coupled model of leech heart interneurons
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The leech heart interneuron model**

A Peristaltic Sym hv(mmh mammmus Peristaltc
. HN
5T 1 Timing
Oscillator Front Premotor
Interneurons,
= =" < Oscillator
3 - Interneurons
E‘v N witch
§ . \M(m(urow
E = " | sitent SW"Ch sient
- Mlddle Premotor
“Interneurons
Peristaltic , : Synchronpus
+ ; . :
1 E z HN(L3) : :
2 . ' : :
& E k N / ; :
u
3
e
EE
o

Scgrmnl
~—

HN(R,5)
5
iE HN(R,3)
=%
i
it HNR,7)

Synchrdnous Peristaltic

**Weaver, A.L., Roffman, R.C., Norris, B.J., Calabrese, R.L. A role for compromise: synaptic inhibition and electrical coupling
interact to control phasing in the leech heartbeat CPG. Frontiers in behavioral neuroscience. 2010.
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Simple models: networks of oscillators
P. Ashwin, O. Burylko, Y. Maistrenko

A model for globally coupled phase oscillators
3
. K
0 = wi + 312;5,’(9/ —0))

with g(x) = —sin(x — a) + r sin(2x).

Z3—heteroclinic bifurcation

@ (b) )< ©




Synaptic connections

Consider a network of neurons:
V' = _/Na _ IK2 - /L u /app
NahNa = hRa(V) — hna

Vshift

TK2m/K2 =mo(Vi Vs ) — mke

Vi=...

/

Na =" "
fs
sz_...

Vi=...

/

Na —
I
sz T e e .



Synaptic connections
Consider a network of neurons:

Cv/:_INa_IKZ_IL_Iapp_Isyn Vi=... I—...
/oo / /
TNahNa_hNa(V)_hNa Na= """ Na =
I~ . \/shift L I
TkeMika = M2(V; VR3"™) — mkea My =N K2 = """

where Iy, = function(V,V, V).

ANANA AN

¢_-@



Voltage Voltage

Voltage

Convergence patterns
(Shilnikov et al.,2014)
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Voltage Voltage

Voltage

Convergence patterns

d d d ddd

o o W o A

,muwmm\\‘ wmk\”\ ol mmm' IWMM

MWMU‘\‘

i C B
1510 1520 1530 1540 1550 1560
time

1570



Voltage Voltage

Voltage

Convergence patterns
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Voltage Voltage

Voltage

Convergence patterns
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Voltage Voltage

Voltage

Convergence patterns
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Voltage Voltage

Voltage

Convergence patterns
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Network at Vhit = —0.0187
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Network at VSh”ct
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The jiggling state
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Andronov-Hopf bifurcation
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Network at VSh”ct

—0.01876

Lag
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Network at VSh”ct

| | 1
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Andronov-Hopf and Zs-Heteroclinic bifurcations

@ stable focus FP
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Not Using AUTO-like techniques. Parametric continuation in discrete phase space.
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Control strategy: Inhibitory/Excitatory pulses
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Control strategy: Inhibitory/Excitatory pulses
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Control strategy: Inhibitory/Excitatory pulses
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Control strategy: Inhibitory/Excitatory pulses
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Second Pulse start

Long pulses
0.09 length of Period

(0.45,0.45)
(0.54,0)
(0,0.54)
(0.66,0.33)
(0.33,0.66)

no convergence

ARENN RSN LA

/3 2/3 1
First Pulse start




Second Pulse start

Short pulses
0.01 length of Period
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Second Pulse start

Medium length pulses
0.05 length of Period
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Second Pulse start

Medium length pulses: Zoom!!
0.05 length of Period
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Second Pulse start

Start from other state
0.09 length of Period
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Second Pulse start

Start from other state
0.09 length of Period. Modify Vighit around 1%o0
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Start from other state
0.09 length of Period. Modify Vighit around 1%o0

Distinct neurons

L N\a

0.99 0 0.01 0.02 0.03 0.04 0.05 0.06 0.99 0 0.01 0.02 0.03 0.04 0.05 0.06
21 ©21



References

Barrio, R., Lefranc, M., Martinez, M.A., Serrano, S.: Symbolic dynamical unfolding of spike-adding bifurcations in chaotic
neuron models. EPL, 109 (2), 20002 (2015).

Barrio, R., Lefranc, M., Martinez, M.A., Serrano, S.: Topological changes in chaotic neuron models. preprint, (2016).

Barrio, R., M., Martinez, M.A., Serrano, S., Shilnikov, A.: Macro- and micro-chaotic structures in the Hindmarsh-Rose
model of bursting neurons. Chaos, 24, 023128 (2014).

Barrio, R., M., Martinez, M.A., Serrano, S.: Finding Periodic Orbits in the Hindmarsh-Rose Neuron Model, (2013).

Barrio, R., Shilnikov, A.: Parameter-sweeping techniques for temporal dynamics of neuronal systems: case study of
Hindmarsh-Rose model. The Journal of Mathematical Neuroscience (JMN) 1 (1), 1-22 (2011).

1JBC 18 (7), 1-32 (2008).

J Wojcik, J Schwabedal, R Clewley, AL Shilnikov: Key bifurcations of bursting polyrhythms in 3-cell central pattern
generators. PloS one, 2014

R. Barrio, A. Lozano-Rojo, M. Rodriguez. Control strategies of 3-cell Central Pattern Generator via global stimuli, Scientific
Reports 6:23622, March 2016.

R. Barrio, S. Ibafiez, L. Pérez. Hindmarsh-Rose model: close and far to the singular limit. Preprint, 2016.

R Barrio, M Rodriguez, S Serrano, A Shilnikov. Mechanism of quasi-periodic lag jitter in bursting rhythms by a neuronal
network EPL (Europhysics Letters) 112 (3), 38002, 2015.

[3
[3
[3
3
[3
ﬁ Shilnikov, A., Kolomiets, M.: Methods of the qualitative theory for the Hindmarsh-Rose model: A case study. A tutorial.
[3
[3
3
[3
[3

Linaro, D., A Champneys, A., Desroches, M., Storace, M.: Codimension-Two Homoclinic Bifurcations Underlying Spike
Adding in the HR. SIADS (2012).

R. Barrio (University of Zaragoza, Spain)  Playing with neurons: isolated and coupled DDAYS’16, Salou 48 /49



ol Folks
Nt

R. Barrio (University of Zaragoza, Spain)  Playing with neurons: isolated and coupled DDAYS’16, Salou 49 /49



	Study the parametric phase space of Neuron models
	Template analysis and dependence on 
	Central Pattern generators: coupled models
	DDAYS-1.pdf
	Study the parametric phase space of Neuron models
	Small neuron networks: CPGs
	nolineal16.pdf
	Single neuron analysis
	A network of neurons. Bifurcations
	Plotting networks
	Finding Bifurcations

	Control the network


	DDAYS-2.pdf
	Study the parametric phase space of Neuron models
	Small neuron networks: CPGs
	nolineal16.pdf
	Single neuron analysis
	A network of neurons. Bifurcations
	Plotting networks
	Finding Bifurcations

	Control the network



	fd@rm@0: 
	fd@rm@1: 
	fd@rm@2: 
	fd@rm@3: 


