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Motivation
Brain dynamics
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Motivation
Brain dynamics: simplified model
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Study the parametric phase space of Neuron models

Parametric phase space and main bifurcations
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Hogkin and Huxley

Sir Andrew Fielding Huxley
(1917 - current)

Sir Alan Lloyd Hodgkin
(1914 - 1998)

Huxley and Hodgkin received the 1963 Nobel Prize in Physiology or
Medicine for their work on action potentials together with John Carew
Eccles who was cited for his work on synapses.

Their work was one of the earliest applications of the then novel voltage
clamp method to the giant axon of the Atlantic squid.

Markus Dittrich () The Hodgkin-Huxley Equation April 20, 2010 5 / 24



The Squid Giant Axon

The giant axon of the Atlantic Squid is
part of its water propulsion system and
optimized for speed. Since the axon is
unmyelinated it requires a large
diameter (up to 1 mm) to increase the
conduction speed (up to 25 ms−1).

Fortuitously, the squid axon is also a
very simple system with basically only
two types of voltage dependent
conductances.

squid giant axon

Due to its large size, the squid giant axon allowed Hodgkin and Huxley to insert
the electrodes of the voltage clamp apparatus into the lumen of the axon. This
ability combined with the system’s simplicity was crucial for the success of their
study of action potentials.
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Measurement of Membrane Potential During Action
Potential

In the years 1939 and 1940 both
Cole and Hodgkin successfully
measured the action potential at
the squid giant axon.

The measurements revealed that
the membrane potential not only
goes toward zero (as proposed by
Bernstein’s theory) but actually
significantly overshoots and
reverses sign.
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Mathematical neuron models

The Hodgkin-Huxley model is a mathematical model that describes how action
potentials in neurons are initiated and propagated (1963 Nobel Prize in Medicine).

Other mathematical models:
FitzHugh-Nagumo model, Morris-Lecar model, Hindmarsh-Rose model (1984), ...
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The Hindmarsh and Rose model

The Hindmarsh and Rose model (1984)
A phenomenological system of ODEs for modeling bursting and
spiking oscillatory activities in isolated neurons:

ẋ = y − ax3 + bx2 − z + I
ẏ = c − dx2 − y
ż = ε(s(x − x0)− z)

(1)

x is treated as the membrane potential, while y and z describe
some fast and slow gating variables for ionic currents.
Slow “activation" of z is due to the small parameter 0 < ε� 1.
A key parameter is the external applied current I.
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Fast-slow decomposition

Bursting classification (Rinzel-Izhikevich)

fold/
homoclinic

Square-wave bursting (fold/hom bursting)
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The Hindmarsh and Rose model
General bifurcation analysis: references

M. Storace, D. Linaro, E. de Lange, Chaos 18 (2008).

A. Overall bifurcation scenario

A qualitative bifurcation diagram of the HR model is
sketched in Fig. 1. The overall bifurcation diagram is
roughly divided into eight regions, characterized by qualita-
tively different asymptotic �stable� behaviors. Some regions
have been represented larger than in reality. The meaning of
the colors is as follows:

• in the pale cyan region, the HR neuron is quiescent �only
one stable equilibrium�;

• in the light blue region, the HR neuron is quiescent �two
coexisting stable equilibria�;

• in the green region, the HR neuron is spiking regularly;
• in the yellow region, the HR neuron is bursting regularly;
• in the pink region, the system admits two coexisting stable

invariant sets, i.e., one stable limit cycle �either spiking or
bursting� and one stable equilibrium;

• in the pale red region, the system admits two stable
“simple” �spiking� limit cycles;

• in the brown region, the system admits three coexisting
stable invariant sets, i.e., one stable limit cycle and two
stable equilibria;

• in the gray regions, the system admits “nontrivial” periodic
and nonperiodic �either stable or unstable� solutions, then
periodic and/or nonperiodic solutions �irregular spiking or
bursting� can be observed.

Examples of asymptotic trajectories, corresponding to
the dots labeled from �a� to �h� in Figs. 2�a�, are shown in
Fig. 8 �gray lines�.

The parameter space is partitioned into the seven regions
by the following bifurcation curves: T1 and T2 fold of equi-
libria �red�; H1 and H2 Hopf �green�, either supercritical
�solid lines� or subcritical �dashed lines�; t1, t1,l

�1�, t1,r
�1�, and t2,1

�1�

fold of cycles �blue�; f0,1
�1� period doubling �cyan�; h1 and h2

homoclinic �black�. We conjecture that the fold curve t1 ends
on a codimension-two point on the homoclinic curve h1, but
there is no numerical evidence of this fact. In any case, this
kind of analysis is of negligible practical interest, since in
reality the curves t1 and H1 are almost overlapping.

B. Brute-force bifurcation diagram

The brute-force bifurcation diagram shown in Fig. 2�a�
has been obtained by means of extensive simulations �nu-
merical integrations of system �1��. As a first step, a regular
grid of points has been defined in the parameter plane �b , I�.
Then, we have defined the Poincaré section y−x3+bx2+ I
−z=0, that corresponds to the maxima of x. For each pair of
parameter values belonging to the grid, after having dis-
carded the transient evolution, at most 200 consecutive one-
directional intersections of each trajectory with the Poincaré
section have been recorded looking for periodicity in the
evolution of the system. The classification is based on the
number of different values of z corresponding to these inter-
section points. In synthesis, when the z value is unique, the
neuron is spiking, whereas multiple values of z may corre-
spond to either bursting or chaotic �i.e., irregular� behaviors.
In the absence of periodicity, the behavior has been classified
as “chaotic.” The quiescence is checked during the transient
evolution. Eventually, the bifurcation diagram has been ob-
tained by associating a different color to different asymptotic
dynamical behaviors of the system. The diagram points out
that the HR model exhibits all the above mentioned dynami-
cal behaviors: cyan represents quiescence, green is for spik-
ing, yellow is for bursting, and black is for chaos. Moreover,
yellow changes to red as the number of spikes per burst
increases, while green tends to become darker as the spiking
frequency increases.

FIG. 1. �Color� Qualitative sketch of the overall bifurcation scenario.
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FIG. 2. �Color� �a� Brute-force bifurcation diagram. �b� Continuation analysis bifurcation diagram.

033128-3 HR model and its PWL approximations Chaos 18, 033128 �2008�

Downloaded 30 Aug 2011 to 155.210.85.77. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions
A. Shilnikov, M. Kolomiets, Int. J. Bifur. Chaos (2008).

R. B., A. Shilnikov, Journal of Mathematical Neuroscience (2011).

D. Linaro, A. Champneys, M. Desroches, M. Storace, SIADS (2012)

R. B., M.A. Martinez, S. Serrano and A. Shilnikov, Micro and
Macro-Chaotic structures in the Hindmarsh-Rose neuron model,Chaos,
2014.
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The Hindmarsh and Rose model
General brute-force analysis vs. particular ones: spike-count

Square-wave bursting
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The Hindmarsh and Rose model
General brute-force analysis vs. particular ones: spike-count

So ... we can distinguish one kind of bursting from another one
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But ... why and where is the chaotic behavior?
Fast-slow system ... lets begin with ε = 0.01
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The Hindmarsh and Rose model: bifurcation analysis
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Codimension-two homoclinic bifurcation points

• Inclination flip
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The Hindmarsh and Rose model
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Hindmarsh and Rose: bifurcation sketch
“a la Linaro et.al.”∗ + creation of chaotic structures
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D. Linaro, A. Champneys, M. Desroches, M. Storace, SIAM J. Appl. Dyn. Syst., (2012)

R. Barrio, M. Martinez, S. Serrano, A. Shilnikov, Chaos, (2014).
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Hysteresis: bistability in the spike-adding region

Two bursting stable periodic orbits
A “microscopic” chaotic bursting attractor and a stable periodic
orbit

a)

b)

saddle-node
bifurcation

stable
unstable
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Classical spike adding process
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Classical spike adding process: canards†

†
M Desroches, TJ Kaper, M Krupa, Mixed-mode bursting oscillations: Dynamics created by a slow passage through

spike-adding canard explosion in a square-wave burster, Chaos 23 (4), 046106, 2013.
G Innocenti, A Morelli, R Genesio, A Torcini, Dynamical phases of the Hindmarsh-Rose neuronal model: studies of the transition
from bursting to spiking chaos, Chaos 17 (4), 043128, 2007.
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The macro-chaotic structure

period
doubling

period

chaotic
region

parameter b

va
ria

bl
e 

z

R. Barrio (University of Zaragoza, Spain) Playing with neurons: isolated and coupled DDAYS’16, Salou 21 / 49



Template analysis

Template analysis of chaotic attractors and saddles

R. Barrio (University of Zaragoza, Spain) Playing with neurons: isolated and coupled DDAYS’16, Salou 22 / 49



Topological templates

Given a three-dimensional (3D) hyperbolic chaotic flow Φt , Birman and
Williams define the following equivalence relation which identifies
points of the invariant set Λ having the same asymptotic future:

∀x , y ∈ Λ, x ∼ y ⇔ lim
t→∞
||Φt (x)− Φt (y)|| = 0

The Birman-Williams theorem states:
1 In the set of equivalence classes, the hyperbolic flow Φt induces a

semi-flow Φ̄t on a branched manifold K. The pair (Φ̄t ,K) is called
a template, or knot-holder

2 Unstable periodic orbits of Φt in Λ are in one-to-one
correspondence with unstable periodic orbits of (Φ̄t in K).
Moreover, every link of unstable periodic orbits of (Φt ,Λ) is
isotopic to the corresponding link of (Φ̄t ,K).
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Topological templates

6 Marc Lefranc / The Topology of Deterministic Chaos: Stretching, Squeezing and Linking

trefoil knot

trivial knot

Left: two periodic orbits of periods 1 and 4 embedded in a strange attractor; Right: a link of two
knotsthat is equivalent to the pair of periodic orbits up to continuous deformations without crossings.

one is a trivial loop while the other is a realization of the simplest non-trivial curve, the
trefoil knot. More refined invariants can also be used to characterize knots and links [13],
but linking numbers and recent generalizations of them, relative rotation rates [14, 15],
are already sufficient to provide us with key dynamical information.

What makes knot theory dynamically relevant is determinism. Indeed, two trajecto-
ries cannot intersect in phase space: otherwise, the common point would have two fu-
tures. As a result, knots and links formed by periodic orbits are well defined. Further-
more, changing a control parameter generally deforms continuously the orbit, but without
having it intersect itself, so that its knot type is not modified. Thus, the knot invariants of
a periodic orbit are constant over its entire domain of existence and are real fingerprints.

Even if they have a dynamical significance, knot types and link invariants can only
be useful in experiments if they can reliably be estimated from time series. By searching
for close returns we only obtain trajectory segments which approach periodic orbits but
are not exactly closed. We then make a knot out of this segment by closing the small gap.
In doing so, we assume that in a small neighborhood of the almost closed orbit we have
observed, there is a true periodic orbit with the same knot type. This is most certainly
true when the distance of close return is small compared to the average distance between
strands of the knot, so that the deformation from the segment observed to the neighboring
periodic orbit cannot possibly induce self-intersections. Similarly, knot invariants are
very robust to noise, whose effect can be considered to be a small deformation of the
orbit. In any case, we shall see later that topological invariants of different periodic orbits
provide redundant information, so that we can verify that the set of numbers measured is
geometrically consistent.

2.4. Stretching and squeezing link periodic orbits

After having extracted some periodic orbits from a time series, embedded them in a re-
constructed phase space and computed their (self-) linking numbers and relative rotation
rates, we are left with possibly large tables of numbers. What do we do with this infor-
mation? As we shall see in the next section, the key property is that there is a systematic
organization in the knots and links formed by periodic orbits and that this organization
can be recovered through their invariants.
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Topological templates: subtemplates

Marc Lefranc / The Topology of Deterministic Chaos: Stretching, Squeezing and Linking 9

such template can be used as a model of the stretching and squeezing organizing the
strange attractor in which the orbits are embedded.

Experimental template determination therefore relies on solving the following prob-
lem: given a set of (self-) linking numbers, what is the simplest template with a set of
orbits having the same invariants?

t= 0

t= 1

t= 2

t= 3

t= 4

t= 0

t= 1

t= 2

t= 3

t= 4
0111 11010111 1011

t11

t11

t11

t11

l01

l01

Figure 9. Left: the structure of a template can be described algebraically using a small set of integer numbers.
Right: Linking numbers of two orbits can be computed by following itineraries on the template and counting
contributions from the different terms. Only branches are shown. Reprinted from [3].

This can be achieved by describing the geometry of the template with a small set
of integer numbers that specify the torsions of the branches, their linking numbers and
the order in which they are stacked at the branch line when then join again. These num-
bers can be grouped in two matrices, the template matrixt whose diagonal (resp., non-
diagonal) termstii (resp.,tij) are given by the torsions in half-turns (resp., twice the
linking number of the two branches), and the layering matrixl such thatlij = 1 when
the leftmost of the two branchesi andj falls under the other and−1 otherwise [3, 9].
The parities of branch torsions,πi = tii mod 2, play an important rôle. (Self-) linking
numbers of periodic orbits then have the general form

I =
∑

i≤j αijtij +
∑

i<j Πij(π0, π1, . . . , πn−1)× lij (2)

= L(tij) +N(πi, lij)

where coefficientsαij and polynomial functionsΠij depend only on the symbolic codes
of the orbits, and characteristic numberstij , πi and lij depend only on the template
structure. Expressions (2) are almost linear with respect to the characteristic numbers and
are thus relatively easy to solve for the template structure. For example, let us assume
that we have obtained the orbits and invariants shown in Table 1.

Orbit 1 01 0111 01010111

1 0

01 1 1

0111 2 3 5

01010111 4 6 13 23

Table 1. (Self-) linking numbers of 4 orbits extracted from an experiment.

sists of a large number of symbol sequences. This num-
ber grows with the length of the sequence. For example,
to length four the alphabet might be 01, 011, and 0111.
In general, as longer and longer symbol sequences oc-
cur, new inadmissible sequences appear. We can take
this into account by increasing the number of letters in
the alphabet of allowed symbols as the length of the
symbol sequence grows (an alternative possibility, in-
volving Markov partitions, is indicated below). Each let-
ter in the alphabet (A,B,C, . . . ) then corresponds to one
branch of a template. In this representation (a) every
possible sequence of letters is allowed, (b) a template
typically has an infinite number of branches, and (c) the
number of branches corresponding to symbol sequences
of length <P is finite. We do not regard this as an el-
egant or even convenient way to describe strange attrac-
tors for dynamical systems.

We now describe an alternative way to describe the
dynamics. This is shown in Fig. 25(b) for the Rössler
strange attractor, for which the symbol sequence 00 is

forbidden. Here we begin with the Rössler template and
impose the condition that the transition 0→0 is forbid-
den @M(0,0)50# . This requires that the flow not even
reach the left quarter of the branch at the bottom. To
ensure this condition, we propagate this quarter branch
backwards 1,2, . . . iterations, and eliminate those parts
of the template that eventually feed this segment. Each
backward iteration has two preimages, since two
branches join at the branch line. In this way, we inter-
pret the flow as confined to what is left of the original
template (shown in white). That is, the template descrip-
tion (template matrix and array) remains unchanged,
but the Markov transition matrix changes

from M5F1
1

1
1 G to M5F0

1
1
1 G . (4.7)

In this interpretation we regard the simple Rössler
template with branches 0, 1 as generating a ‘‘covering’’
symbolic dynamics. That is, there is a 1-1 correspon-
dence between all the unstable periodic orbits in the
hyperbolic Rössler attractor and all the unstable peri-
odic orbits in the template. There is a 1-1 correspon-
dence between the unstable periodic orbits in a typical
nonhyperbolic strange attractor for the Rössler equa-
tions and a subset of unstable periodic orbits in the tem-
plate with two branches. The missing orbits have been
‘‘pruned away’’ (Cvitanovic, Gunaratne, and Procaccia,
1988).

A second example involves the Lorenz template. In-
tegrating the Lorenz-like Shimizu-Morioka (1980) equa-
tions (Shil’nikov, 1993)

ẋ5y ,

ẏ5x2ly2xz ,

ż52az1x2, (4.8)

for (a ,l)5(0.5,0.85) produces the attractor shown in
Fig. 26. The two options are again: (a) To construct the
template for the attractor, as shown in Fig. 27(a) (it is a
subtemplate of the Lorenz template) and (b) to regard
the flow as restricted to a subset of the Lorenz template
[this interpretation is shown in Fig. 27(b)].

FIG. 25. Rössler template. (a) Template describing a strange
attractor generated by the Rössler equations, but containing
only unstable periodic orbits built up from the symbols 01 and
1. (b) For this attractor the flow is restricted to a portion of the
original template. This subset is obtained by removing the
pieces of the branch corresponding to forbidden transitions, in
this case 0→0, that correspond to the left quarter of the
branch line. All parts of the branch line that eventually flow
into this segment must also be removed. They are determined
by finding all preimages of this segment.

FIG. 26. Lorenz-like strange attractor generated by integrating
the Shimizu-Morioka (1980) equations.

1473Robert Gilmore: Topological analysis of chaotic dynamical systems

Rev. Mod. Phys., Vol. 70, No. 4, October 1998
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The Hindmarsh and Rose model: chaotic attractors

parameter b
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The Hindmarsh and Rose model: periodic orbits
(towards a template analysis)

z

x

y

z

x

y

b=3.05b=2.69
Chaotic attractor + periodic orbits Chaotic attractor + periodic orbits

Stability Transformation (Schemelcher and Diakonos) +
+ Optimized Newton method
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The Hindmarsh and Rose model: first return map
(towards a template analysis‡)

b= 2.69
b= 2.97
b= 3.05

b= 2.625

yi

yi+1

Unimodal maps −→
Two-branches topological
templates.
Three symbols are not
necessary, although useful in
some interpretations (X.J.
Wang, Physica D, 62 (1995))
Quite complex linking matrices
Complete topological model
(B., Lefranc, Martinez, Serrano
2015)

‡
Barrio, R., Lefranc, M., Martinez, M.A., Serrano, S., EPL (2015).
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Topological templates: Hindmarsh and Rose model

Hundreds of UPO’s −→ Global template: Smale’s template

0 1
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Topological templates: Hindmarsh and Rose model

6

parameter b

b=2.625b=2.635b=2.69b=2.87b=3.05
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Figure 5. Plotting all attractors together we appreciate the
evolution along the parameter b

had been found using only SD method since the Newton
method do not converge even for points very near to the
solution.

Using all POs found in this section we can built the
topological templates as we will explain in the next sec-
tion.

IV. TOPOLOGICAL TEMPLATES

The topological analysis identify the stretching and
squeezing mechanism that act to create a strange attrac-
tor and organize all the unstable periodic orbits in this
attrator in a unique way2.

Knot holders (also called branched manifold) were con-
structed by Birman and Williams8 to describe the en-
semble of unstable periodic orbits in a strange attractor
as well as the topological organization of those periodic
orbits. This turns out to be a version of the dynami-
cal system in the limit of infinite dissipation. With this
branched manifolds we built the topological templates
which consist on: branch-twisting, crossing information,
the order in which branches are squeezed together and
the branch transition matrix2.

In Fig 6 we make a representation of how the ”clove”

chaotic-layers

spike-adding

SPIKING

BURSTING

Figure 6. Representation of how the ”clove” in the chaotic
region corresponds to different layers that go out all from
the same point. Above the chaotic region it is shown spiking
behavior while bursting is presented bellow. Since the tran-
sition between these both fenomena take place in the chaotic
region? it will be faster for smaller b values where all layers
comes together.

Figure 7. We show for different attractors in the lower part
of the chaotic structure, their equivalents in the upper part.
This equivalence comes because of the same number of peri-
odic orbits (at least at low multiplicities).

in the chaotic region corresponds to different layers that
go out all from the same point. Above the chaotic region
it is shown spiking behavior while bursting is presented
bellow. Since the transition between these both fenom-
ena take place in the chaotic region? it will be faster for
smaller b values where all layers comes together than for
larger b values where the ”clove” are well separated.

The number of Unstable Periodic Orbits determines
the structure of the chaotic attractor. Taking into ac-
count the ”onion” structure, each ”teeth” (or part of it)
in the low right side of the chaotic structure (bigger b val-
ues) will have an equivalent in the upper left side (smaller
b values), the point is that while in the lower part the
”teeth” are well separated, in the upper part they will
be all crammed. In Fig 7 we show for different attractors
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Topological templates: Hindmarsh and Rose model

B=2.626 B=2.627 B=2.6285 B=2.6287 B=2.629 B=2.775 B=2.87 B2.915 B=2.98 B=3.05
M1 S1 “1”
M2 S1 X2 “01”
M4 S1 X4 “0111”
M6 S6 1 “0111X1”
M5 S5 1 “011X1”
M3 S3 “0X1”
M6 S3 X2 “001011”
M5 S5 2 “001X1”
M6 S6 2 “0011X1”
M4 S4 “00X1”
M6 S6 3 “0001X1”
M5 S5 3 “000X1”
M6 S6 4 “0000X1”

Mult. Bif. Code

The topological template for the HR model is the Smale’s horseshoe
template but with forbidden “lanes”.

The templates follows the “onion” structure.

sists of a large number of symbol sequences. This num-
ber grows with the length of the sequence. For example,
to length four the alphabet might be 01, 011, and 0111.
In general, as longer and longer symbol sequences oc-
cur, new inadmissible sequences appear. We can take
this into account by increasing the number of letters in
the alphabet of allowed symbols as the length of the
symbol sequence grows (an alternative possibility, in-
volving Markov partitions, is indicated below). Each let-
ter in the alphabet (A,B,C, . . . ) then corresponds to one
branch of a template. In this representation (a) every
possible sequence of letters is allowed, (b) a template
typically has an infinite number of branches, and (c) the
number of branches corresponding to symbol sequences
of length <P is finite. We do not regard this as an el-
egant or even convenient way to describe strange attrac-
tors for dynamical systems.

We now describe an alternative way to describe the
dynamics. This is shown in Fig. 25(b) for the Rössler
strange attractor, for which the symbol sequence 00 is

forbidden. Here we begin with the Rössler template and
impose the condition that the transition 0→0 is forbid-
den @M(0,0)50# . This requires that the flow not even
reach the left quarter of the branch at the bottom. To
ensure this condition, we propagate this quarter branch
backwards 1,2, . . . iterations, and eliminate those parts
of the template that eventually feed this segment. Each
backward iteration has two preimages, since two
branches join at the branch line. In this way, we inter-
pret the flow as confined to what is left of the original
template (shown in white). That is, the template descrip-
tion (template matrix and array) remains unchanged,
but the Markov transition matrix changes

from M5F1
1

1
1 G to M5F0

1
1
1 G . (4.7)

In this interpretation we regard the simple Rössler
template with branches 0, 1 as generating a ‘‘covering’’
symbolic dynamics. That is, there is a 1-1 correspon-
dence between all the unstable periodic orbits in the
hyperbolic Rössler attractor and all the unstable peri-
odic orbits in the template. There is a 1-1 correspon-
dence between the unstable periodic orbits in a typical
nonhyperbolic strange attractor for the Rössler equa-
tions and a subset of unstable periodic orbits in the tem-
plate with two branches. The missing orbits have been
‘‘pruned away’’ (Cvitanovic, Gunaratne, and Procaccia,
1988).

A second example involves the Lorenz template. In-
tegrating the Lorenz-like Shimizu-Morioka (1980) equa-
tions (Shil’nikov, 1993)

ẋ5y ,

ẏ5x2ly2xz ,

ż52az1x2, (4.8)

for (a ,l)5(0.5,0.85) produces the attractor shown in
Fig. 26. The two options are again: (a) To construct the
template for the attractor, as shown in Fig. 27(a) (it is a
subtemplate of the Lorenz template) and (b) to regard
the flow as restricted to a subset of the Lorenz template
[this interpretation is shown in Fig. 27(b)].

FIG. 25. Rössler template. (a) Template describing a strange
attractor generated by the Rössler equations, but containing
only unstable periodic orbits built up from the symbols 01 and
1. (b) For this attractor the flow is restricted to a portion of the
original template. This subset is obtained by removing the
pieces of the branch corresponding to forbidden transitions, in
this case 0→0, that correspond to the left quarter of the
branch line. All parts of the branch line that eventually flow
into this segment must also be removed. They are determined
by finding all preimages of this segment.

FIG. 26. Lorenz-like strange attractor generated by integrating
the Shimizu-Morioka (1980) equations.

1473Robert Gilmore: Topological analysis of chaotic dynamical systems

Rev. Mod. Phys., Vol. 70, No. 4, October 1998
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Topological templates: successive Cantor structures

0          0
Forbidden0    0 1    0    0

0111

0111

1101

1101

1110

1110

1011

1011

0 1

z Theoretical framework§

for the “onion-bulb” chaotic structures
§

Barrio, R., Lefranc, M., Martinez, M.A., Serrano, S., EPL (2015).
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Scheme of the macroscopic chaotic structures (∀ε)

chaotic-layers

spike-adding
bifurcations

chaotic-layers

B(2)B(3)B(4)B(n)

symbolic sequences opened 

R. Barrio (University of Zaragoza, Spain) Playing with neurons: isolated and coupled DDAYS’16, Salou 33 / 49



Singular Perturbed limit

Let’s consider an autonomous system written in the form (slow-fast system on
fast-time formulation)

ẋ = f (x, z; ε) = f0(x, z) + ε2 · · · , x ∈ D ⊂ R2,
z = εġ(x, z; ε) = εġ0(x, z) + ε2 · · · , z ∈ G ⊂ R,

where ε is a small parameter.

A phase point in the phase space of the HR model at ε = 0 converges to an
attractor of its fast subsystem.

The attractor is either a stable equilibrium or a stable limit cycle. By varying z,
we obtain a smooth attracting invariant manifold, which can be a space curve
like Meq in the phase space, or a two-dimensional cylinder Mlc spanned by the
limit cycles of the fast subsystem (ẋ = f (x, z; ε)).
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Fast-slow decomposition

September 12, 2008 8:50 02163

2150 A. Shilnikov & M. Kolomiets

the manifold Mlc. Its position depends on where the
slow nullcline z′ = 0 cuts Mlc through. By chang-
ing x0, we can find such periodic orbits at different
locations on the spiking manifold; more specifically
around the intersection points of the slow nullcline
with the average branch 〈x〉, as follows from Eq. (5).
While staying away from the “homoclinic” edge of
Mlc, the HR model has always the single stable peri-
odic orbit because there is always the single inter-
section point on the decreasing branch 〈x〉 with the
plane z′ = 0, see Fig. 7. This stable orbit corre-
sponds to the periodic tonic spiking activity in the
model. Its period can be roughly estimated as the
reciprocal of the imaginary part of the characteris-
tic exponents of the depolarized equilibrium state
of the fast subsystem.

We would like to stress here that the branch 〈x〉
connects the AH and homoclinic bifurcation, and
thus the ranges of the variables in Eq. (5) are set
accordingly. Note here that if the slow equation were
not linear in x, then the crossing point of this aver-
age branch and the slow nullcline would no longer
be the “center of gravity” of the selected periodic
orbit; since 〈x2〉 �= 〈x〉2 in general. This fact has
been often ignored in studies of various neuronal

models with nonlinear slow nullclines. Instead one
has to examine the so-called average slow nullclines
introduced originally in [Cymbalyuk & Shilnikov,
2005; Shilnikov et al., 2005; Shilnikov & Cymba-
lyuk, 2005] that give the correct information for
localizing periodic orbits and for detecting their
bifurcations, local and global, on the spiking mani-
fold Mlc.

In the end we would like to make another
important conclusion: a simple, round periodic
solution of the HR model at small ε is known
to be ε-close to the spiking manifold Mlc intro-
duced from the fast subsystem. Its location on Mlc

depends on x0. By varying x0 we make it slide
along Mlc. Thus, to localize the manifold Mlc we
continue perimetrically the corresponding branch
foliated by the periodic orbits of the full system
instead. This means that to localize and exam-
ine both slow motion manifolds Meq and Mlc in
a given model one needs no slow-fast decomposi-
tion but continue the corresponding branches of
equilibria and periodic orbits of the given system.
Again, this approach works especially well for the
high-dimensional models [Shilnikov & Kolomiets,
2008] including the 14D canonical leech heart

Fig. 7. 3D version of Fig. 6(a). The blue point is the center of gravity of the stable periodic orbit of the HR model, which is
depicted on the tonic spiking manifold Mlc at x0 = 1.8. It is located around the intersection point of the slow nullcline z′ = 0
with the average space curve 〈x〉. The phase point, while turning around Mlc, is pushed by the flow rightward as long as it
is above the nullcline where z′ > 0, and pushed back to left when it goes below the nullcline. When these opposite forces are
canceled out, the phase point spins around the “center of the gravity”, i.e. stays on the desired periodic orbit.
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Fast-slow decomposition

AH-1

SN-1

SN-2

AH-2

SN-2

Hom Hom

Mlc
Mlc

Meq
Meq

z z

xx

Spikes are located (O(ε)) in the z interval [SN2, Hom], that is, it is
determined by the time it needs to drift from the stable branch of Meq to
the homoclinic edge on Mlc
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Dependence on ε
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Dependence on ε
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Dependence on ε

The size of the n-spike-adding windows decreases when n grows
and decreases with ε
As from the Fenichel’s theory the evolution of the z variable
restricted to the spiking invariant manifold converges to the
limiting case for ε↘ 0 (the stable limit cycle) and therefore
(zmax − zmin)↘ 0.
Therefore, the chaotic attractor will have a more complex
organization and more UPO’s foliated to it but it will be more
compact, without spreading a lot in the phase space.

SA SA SA
... n ... ε 0

forbidden chains 
Smale’s template with

Complete Smale’s template
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Realistic model: the leech heart interneuron model

The leech heart interneuron model
(Shilnikov, Calabrese, Cymbalyuk (2005))
A phenomenological system of ODEs for modeling bursting and
spiking oscillatory activities of a leech heart interneuron (derived
through the Hodgkin-Huxley formalism):

Complete dynamical analysis of a neuron model

transition show transient chaos with an unpredictable
number of burst trains followed by regular tonic spik-
ing. This phenomenon is a direct consequence of the
Smale horseshoe dynamics in the system [63]. Nei-
ther transition can be explained in terms of slow–fast
dissections. Further systematic development of dy-
namical neuroscience calls for new bifurcation meth-
ods tailored specifically to multiscale neuronal mod-
els.

2 Reduced leech heart interneuron model

Several reduced models of a leech heart interneu-
ron [5] were introduced in Ref. [64]. The “least”
complex model is given by the following three equa-
tions [39, 50, 58, 64] derived through the Hodgkin–
Huxley gated variables formalism [65]:

C
dV

dt
= −INa − IK2 + IL − Iapp − Isyn,

IL = ḡL (V − EL), IK2 = ḡK2 m2
K2(V − EK),

INa = ḡNa m3
Na hNa (V − ENa),mNa = m∞

Na(V ),

τNa
dhNa

dt
= h∞

Na(V ) − h,

τK2
dmK2

dt
= m∞

K2(V ) − mK2, (1)

where C = 0.5 nF is the membrane capacitance; V is
the membrane potential; INa is the fast voltage gated
sodium current with slow inactivation hNa and fast ac-
tivation mNa; IK2 is the persistent potassium current
with activation mK2; IL is leak current and Iapp is a
constant polarization or external applied current. The
maximal conductances are ḡK2 = 30 nS, ḡNa = 200 nS
and gL = 8 nS, and the reversal potentials are ENa =
0.045 V, EK = −0.070 V and EL = −0.046 V. The
time constants of gating variables are τK2 = 0.25 s and
τNa = 0.0405 s. We would like to point out that the
time constant of the activation of the potassium cur-
rent is lowered to the value τK2 = 0.9 and the applied
current is no longer zero: Iapp = 0.006 nA whenever
we will discuss the occurrence of the blue sky catas-
trophe in the model (Fig. 5).

The steady-state values of gating variables, h∞
Na(V ),

m∞
Na(V ), m∞

K2(V ), are given by the following Boltz-

mann equations:

h∞
Na(V ) = [

1 + exp
(
500(0.0333 − V )

)]−1
,

m∞
Na(V ) = [

1 + exp
(−150(0.0305 − V )

)]−1
, (2)

m∞
K2(V ) = [

1 + exp
(−83(0.018 − V + V shift

K2 )
)]−1

.

The quantity V shift
K2 has become a genuine bifurcation

parameter for this model: it is the deviation from ex-
perimentally averaged voltage value V1/2 = 0.018 V
corresponding to semi-activated potassium channel,
i.e. m∞

K2(0.018) = 1/2. Variations of V shift
K2 move the

slow nullcline dmK2
dt

= 0 in the V -direction in the 3D
phase. This delays/speeds the activation of mK2 when
the parameter is moved toward negative/positive, re-
spectively values. Dynamically, this results in the
neuron firing tonically, or becoming hyperpolariz-
ingly quiescent, respectively. The range of V shift

K2 is
[−0.025, 0.0018] V in this study. The upper boundary
of the interval corresponds to the hyperpolarized qui-
escent state of the neuron, whereas it fires tonically at
lower V shift

K2 values. As the parameter is varied within
this interval, the model undergoes multiple transfor-
mations in the bursting activity. We must note here
that responses of dynamics of the model to changes
of V shift

K2 are not totally equivalent to variations of an
applied (or Ipol) current, as the latter affects the topol-
ogy of the slow-motion manifolds of the fast (v, hNa)

subsystem, which remains intact while V shift
K2 is varied.

3 Slow–fast paradigm

To move forward on the analysis of the model, we in-
troduce some basics of the theory of slow–fast sys-
tems.

Consider a slow–fast system

εv̇ = F(v,m),

ṁ = G(v,m,α),
(3)

where v ∈ Rn, n ≥ 2, m ∈ R1 for simplicity, |ε| � 1 is
a small parameter, α is a single bifurcation parameter,
and functions F,G are smooth. Rescaling the time t =
ετ changes (3) to the form

v′ = F(v,m),

m′ = εG(v,m,α),
(4)

Complete dynamical analysis of a neuron model
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ing. This phenomenon is a direct consequence of the
Smale horseshoe dynamics in the system [63]. Nei-
ther transition can be explained in terms of slow–fast
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namical neuroscience calls for new bifurcation meth-
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where C = 0.5 nF is the membrane capacitance; V is
the membrane potential; INa is the fast voltage gated
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The steady-state values of gating variables, h∞
Na(V ),
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Na(V ), m∞

K2(V ), are given by the following Boltz-

mann equations:
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Na(V ) = [

1 + exp
(
500(0.0333 − V )

)]−1
,
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Na(V ) = [

1 + exp
(−150(0.0305 − V )

)]−1
, (2)
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K2(V ) = [

1 + exp
(−83(0.018 − V + V shift

K2 )
)]−1

.

The quantity V shift
K2 has become a genuine bifurcation

parameter for this model: it is the deviation from ex-
perimentally averaged voltage value V1/2 = 0.018 V
corresponding to semi-activated potassium channel,
i.e. m∞

K2(0.018) = 1/2. Variations of V shift
K2 move the

slow nullcline dmK2
dt

= 0 in the V -direction in the 3D
phase. This delays/speeds the activation of mK2 when
the parameter is moved toward negative/positive, re-
spectively values. Dynamically, this results in the
neuron firing tonically, or becoming hyperpolariz-
ingly quiescent, respectively. The range of V shift

K2 is
[−0.025, 0.0018] V in this study. The upper boundary
of the interval corresponds to the hyperpolarized qui-
escent state of the neuron, whereas it fires tonically at
lower V shift

K2 values. As the parameter is varied within
this interval, the model undergoes multiple transfor-
mations in the bursting activity. We must note here
that responses of dynamics of the model to changes
of V shift

K2 are not totally equivalent to variations of an
applied (or Ipol) current, as the latter affects the topol-
ogy of the slow-motion manifolds of the fast (v, hNa)

subsystem, which remains intact while V shift
K2 is varied.

3 Slow–fast paradigm

To move forward on the analysis of the model, we in-
troduce some basics of the theory of slow–fast sys-
tems.

Consider a slow–fast system

εv̇ = F(v,m),

ṁ = G(v,m,α),
(3)

where v ∈ Rn, n ≥ 2, m ∈ R1 for simplicity, |ε| � 1 is
a small parameter, α is a single bifurcation parameter,
and functions F,G are smooth. Rescaling the time t =
ετ changes (3) to the form

v′ = F(v,m),

m′ = εG(v,m,α),
(4)

Iapp is the external applied current.
V shift

K2 is the deviation from experimentally average voltage value.

R. Barrio (University of Zaragoza, Spain) Playing with neurons: isolated and coupled DDAYS’16, Salou 41 / 49



The leech heart interneuron model
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Topological templates: Leech neuron model

0 1

The same topological templatea

as the Hindmarsh-Rose simplified model !!
a

Barrio, R., Lefranc, M., Serrano, S., preprint (2016).
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Realistic neuron models

Central Pattern generators:
coupled model of leech heart interneurons
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The leech heart interneuron model∗∗The leech heart interneuron model‡
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Weaver, A.L., Roffman, R.C., Norris, B.J., Calabrese, R.L. A role for compromise: synaptic inhibition and electrical coupling

interact to control phasing in the leech heartbeat CpG. Frontiers in behavioral neuroscience. 2010.
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∗∗
Weaver, A.L., Roffman, R.C., Norris, B.J., Calabrese, R.L. A role for compromise: synaptic inhibition and electrical coupling

interact to control phasing in the leech heartbeat CPG. Frontiers in behavioral neuroscience. 2010.
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Simple models: networks of oscillators
P. Ashwin, O. Burylko, Y. Maistrenko

A model for globally coupled phase oscillators
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Synaptic connections
Consider a network of neurons:
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Synaptic connections
Consider a network of neurons:
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Convergence patterns
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Network at V shift
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Network at V shift
K2 = �0.01876
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Andronov-Hopf bifurcation



Network at V shift
K2 = �0.01876

0 500 1000

'
21

'
31

time

L
a
g

'
3
1

'
21

0

0

0.2

0.2

0.4

0.4

0.6

0.6

0.8

0.8

1

1

'
3
1

'
21

0.12

0.12

0.48

0.48

0.36

0.36

0.48

0.48

0.60

0.60

V
o
l
t
a
g
e

time



Network at V shift
K2 = �0.01886
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Z3-Heteroclinic bifurcation at V shift
K2 = �0.0187875



Andronov-Hopf and Z3-Heteroclinic bifurcations

Not Using AUTO-like techniques. Parametric continuation in discrete phase space.
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Possible new states
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Medium length pulses: Zoom!!
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