Mixed-Mode Oscillations in coupled multiple time scale piecewise
linear oscillators. Application to a neuroendocrine system.

- R @Y

R S,

f Mycenae
Multiscale dYnamiCs in neuroENdocrine AxEs

u R S - M e




Summary

1) Introduction: GnRH pulsatility and the smooth model.

2) The piecewise linear (PWL) model.
a) Dynamical behavior.
b) Quantitative aspects.

c) Application to GnRH secretion patterns.

3) Mixed mode oscillations due to canard phenomena.
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1) Introduction: GnRH pulsatility and the smooth model

MYCENAE Project-Team: thematics

Biological background: neuro-endocrinology

Understanding complex hormonal oscillations

GnRH (gonadotropin releasing neurohormone)

¢ Prominent role in the control of reproductive processes in mammals.

¢ Secreted by the synchronous activity of neurons located in the hypothalamus.
¢ GnRH is released in the blood in an oscillatory manner.
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Herbison, Endocr. Rev., 1998

Gonadal Steroids
Inhibin

A neurohormone is any hormone produced and released by neuroendocrine cells (also called neurosecretory cells) into the blood.



https://en.wikipedia.org/wiki/Hormone
https://en.wikipedia.org/wiki/Hormone
https://en.wikipedia.org/wiki/Neuroendocrine_cell
https://en.wikipedia.org/wiki/Neuroendocrine_cell

1) Introduction: GnRH pulsatility and the smooth model

Mechanisms behind the pulsatility are poorly understood

¢ Significant challenge to experimental studies.

¢ GnRH neurons are scarce, sparsely located in the hypothalamus and
interspersed with other neuronal and glial cells.

Model design and mathematical analysis: Infer the underlying mechanisms
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Mechanisms behind the pulsatility are poorly understood

¢ Significant challenge to experimental studies.

¢ GnRH neurons are scarce, sparsely located in the hypothalamus and
interspersed with other neuronal and glial cells.

Model design and mathematical analysis: Infer the underlying mechanisms

Core model: GnRH pulse & surge generator

—y + f(x)
agX + a1y +ax +cX
-Y + g(X)

= X+bhY+b
f(x) = —x>+3Xx g(X)=—-X3+3uX
3 time scales : O(1), O(¢), O(é¢)

SIAM J. Appl. Dyn. Syst. 2007

F. Clément and J.-P. Francoise




1) Introduction: GnRH pulsatility and the smooth model

Mechanisms behind the pulsatility are poorly understood

¢ Significant challenge to experimental studies.

¢ GnRH neurons are scarce, sparsely located in the hypothalamus and
interspersed with other neuronal and glial cells.

Model design and mathematical analysis: Infer the underlying mechanisms

Core model: GnRH pulse & surge generator

Two coupled

FitzHugh-Nagumo —y + f(x) Quasi-stationary regime,

quasi-periodic regime

(Two-dimensional simplification
of the Hodgkin-Huxley model of dox +aiy + a2 + cX

spike generation)

-Y + g(X)
Periodic regime

= X+bhY+b

f(x) = —x>+3Xx g(X)=—-X3+3uX
3 time scales : O(1), O(¢), O(é¢)

SIAM J. Appl. Dyn. Syst. 2007

F. Clément and J.-P. Francoise


http://www.scholarpedia.org/w/index.php?title=Hodgkin-Huxley_model&action=edit&redlink=1
http://www.scholarpedia.org/w/index.php?title=Hodgkin-Huxley_model&action=edit&redlink=1

1) Introduction: GnRH pulsatility and the smooth model

Phenomenological model with both qualitative & quantitative aspects

Qualitative and quantitative specifications by

Dynamics-based parameter calibration

® Parameter space restriction 5639 L+
® Parameter space foliation (meta-parameter) P
® Semi-automated procedure

SIAM J. Appl. Dyn. Sys. 2009
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J. Neuroendocrinol. 2010

F. Clément, J.-P. Francoise and A. Vidal




1) Introduction: GnRH pulsatility and the smooth model

Phenomenological model with both qualitative & quantitative aspects

Foliation-Based Parameter Tuning in a Model of the GnRH Pulse and Surge
Generator, STADS, F. Clément and A. Vidal, 2009

Quantitative specifications for GnRH secretion pattern along the ovarian cycle in the ewe.

Feature Specification | Unit
whole cycle duration 16.5 days
follicular phase duration (surge excepted) 2.5 days
surge duration 1 days
luteal phase duration 13 days
pulse to surge amplitude ratio 1 to 60 —

frequency increase ratio 1to4d —




1) Introduction: GnRH pulsatility and the smooth model

Phenomenological model with both qualitative & quantitative aspects

Foliation-Based Parameter Tuning in a Model of the GnRH Pulse and Surge
Generator, STADS, F. Clément and A. Vidal, 2009

Quantitative specifications for GnRH secretion pattern along the ovarian cycle in the ewe.

Feature Specification | Unit
whole cycle duration 16.5 days
follicular phase duration (surge excepted) 2.5 days
surge duration 1 days
luteal phase duration 13 days
pulse to surge amplitude ratio 1 to 60 —

frequency increase ratio 1to4d —

Parameter values for the ovarian cycle in the ewe.

0.02 o | 0.0125
0.52 | a1 | 0.011
1.14 c 0.70
0.246 | bo | 1.5103

t (scale : 1 day)




1) Introduction: GnRH pulsatility and the smooth model

Phenomenological model with both qualitative & quantitative aspects

Foliation-Based Parameter Tuning in a Model of the GnRH Pulse and Surge
Generator, STADS, F. Clément and A. Vidal, 2009

Quantitative specifications for GnRH secretion pattern along the ovarian cycle in the ewe.

Feature Specification | Unit
whole cycle duration 16.5 days
follicular phase duration (surge excepted) 2.5 days
surge duration 1 days
luteal phase duration 13 days
pulse to surge amplitude ratio 1 to 60 —

frequency increase ratio 1tod —

Aspects that remained unclear or not fully controlled:

¢ Pulse to surge amplitude ratio.

¢ Frequency related:
Follicular-luteal phases duration.
Frequency increase ratio.

y(t)

t (scale : 1 day)




1) Introduction: GnRH pulsatility and the smooth model

Can we propose a PWL version of the model to go beyond?

FitzHugh-Nagumo
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1) Introduction: GnRH pulsatility and the smooth model

Can we propose a PWL version of the model to go beyond?

FitzHugh-Nagumo McKean’s caricature
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0
membrane potential, V

Goal: keep the richness of the dynamics with better access to quantitative outputs.

(source: scholarpedia)




2) The piecewise linear model

. —33—]61—1, 1f27§—1,
= flz), k1, ifiles= =B
y = 0(aox + a1y + ag + cX), e g

X = 6(-Y +g(X)), {XbL if X < —1,

e if | X| < 1,
=T =t = 1

Y = e6(X + b1 Y + by), g9(X) =

\\

(CIZ‘,y,X, Y)T = R4, 0<e,0<kK1,b1>0,aq9,a1,a9,bs,c,ki1,ky >0




2) The piecewise linear model

- —CIZ—]Cl—l, lf.Q?S—l,

= f(x), ki, el = ik

- ¥ =0(aor + a1y + az + cX), e i

X =6(-Y + g(X)), — K =fp =1, W

Y =ed(X + 1Y + ba), ( ko X, if | X| <1,
= = e

(ZIZ‘,y,X, Y)T = R4, 0<e,0<kK1,b1>0,aq9,a1,a9,bs,c,ki1,ky >0

¢ System in X, Y is independent, so we call it the forcing system. As it runs in a slower

timescale, is also called the slow system. It models the average activity of regulatory
neurons.

¢ System in x, y is driven by X variable of the forcing system, so we call it the forced
system. As it runs in the fast timescale, also is called the fast system. It models the
average activity of GnRH neurohormones.




2) The piecewise linear model

a) Dynamical behavior.

Forcing (or slow) system: PWL with 3 zones

ey v :€(X—|—b1Y—|—b2),
==l =k ifXe—le

ko X, AL
=Xkl ik XL
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Difference between this system and the original FitzHugh-Nagumo model is the choice of
a negative slope of the Y-nullcline.
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a) Dynamical behavior.

Forcing (or slow) system: PWL with 3 zones

X, = _Y+9(X)7
Y =e(X +b0Y + bs),

bs = 0 The vector field is symmetric with respect to the origin.

Llibre and Sotomayor, 1996 and Freire, Ponce, Rodrigo and Torres, 2002.




2) The piecewise linear model

a) Dynamical behavior.

Forcing (or slow) system: PWL with 3 zones

X, =4 _|_g(X)7
Y =e(X +b0Y + bs),

bs = 0 The vector field is symmetric with respect to the origin.

Llibre and Sotomayor, 1996 and Freire, Ponce, Rodrigo and Torres, 2002.

b2 7£ () The system is quasi-symmetrical (coefficient matrices of left and right zones
coincide).

by = 0 rwL equivalent to Van der Pol.

bl S e possesses one equilibrium point. Llibre, Nufiez and Teruel 2002 and Llibre,
Ordoénez and Ponce, 2013.

b1 > 1 It can have three equilibria.




2) The piecewise linear model

a) Dynamical behavior.

Forcing (or slow) system: PWL with 3 zones

X, =4 _|_g(X)7
Y =e(X +b0Y + bs),

(Hl) bs < 1+ b1ks. Always possesses a real equilibrium in the central zone.

Theorem
Consider by > 0, by, ks > 0 and 0 < € < 1 and assume that (H1) holds. Then,

1. If by € |0,1] the system possesses a unique relaxation oscillation cycle
vx (n) overlapping the three zones for € small enough.

2. If by > 1, assume that Y > ky + (1 + by + biky)e and Y < —ky — (1 +
biks — bo)e. Then, the system possesses a unique relaxation oscillation
cycle vx(n) overlapping the three zones for € small enough.




2) The piecewise linear model
a) Dynamical behavior.

Forcing (or slow) system: PWL with 3 zones
Ay

1. If by € [0,1) the velocity of the flow along phases I and III of the limit
cycle vx(n) is decreasing.

2. If by = 1 the velocity of the flow along phases I and III of the limit cycle
vx (n) is almost constant.

3. If by > 1 the velocity of the flow along phases I and III of the limit cycle
vx(n) is increasing.




2) The piecewise linear model
a) Dynamical behavior.

Forced (or fast) system: PWL with 3 zones

_y+ f(@), o[
_(5(CL()£IZ’—|—CL1y—|—CL2—|—CX), —1:1:7+k1+1,

(H2) ag — a1 > 0. The system possesses only one equilibrium point.




2) The piecewise linear model
a) Dynamical behavior.

Forced (or fast) system: PWL with 3 zones

—y+ f(2), 2k

,. klxa
= d(apxr + a1y + as +4 =

(H2) ag — a1 > 0. The system possesses only one equilibrium point.

X change the location of the y-nullcline

(apx + as + cX)

e :
a1




2) The piecewise linear model
a) Dynamical behavior.

Forced (or fast) system: PWL with 3 zones

—y+ f(2), 2k

: k’l.fl?,

(H2) ag — a1 > 0. The system possesses only one equilibrium point.

X change the location of the y-nullcline

(apx + as + cX)

e :
a1

When X moves to the right, the nullcline is translated to the left.

When X moves to the left, the nullcline is translated to the right.




2) The piecewise linear model

a) Dynamical behavior.

ao a1 ]{1 a9
2ko + 1

¢ The left canard super-explosion bifurcation takes place when | X|<1.
¢ The right canard super-explosion cannot occur.

(HB) ICLO + a1ky — CL2| <GS

Canard super-explosion: Desroches, Freire, Hogan, Ponce and Thota, 2013




2) The piecewise linear model

a) Dynamical behavior.

Pulses Surge




2) The piecewise linear model

a) Dynamical behavior.
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2) The piecewise linear model

b) Quantitative aspects.

Feature Specification | Unit
whole cycle duration 16.5 days
high frequency duration 2.5 days
surge duration 1 days
low frequency duration 13 days
pulse to surge amplitude ratio 1 to 60 -

frequency increase ratio 1to4 -
TABLE 4.1
Quantitative specifications for the GnRH secretion pattern along the ovarian cycle in the ewe
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b) Quantitative aspects.

Feature Specification | Unit
whole cycle duration 16.5 days
high frequency duration 2.5 days
surge duration 1 days
low frequency duration 13 days
pulse to surge amplitude ratio 1 to 60 -

frequency increase ratio 1to4 -
TABLE 4.1
Quantitative specifications for the GnRH secretion pattern along the ovarian cycle in the ewe

¢ Period of the limit cycle of the forcing system.

¢ Period (and frequency) of the oscillations in the pulsatile phase.

¢ Approximation of the maximum of the surge.




2) The piecewise linear model

b) Quantitative aspects.

Period of the limit cycle of the forcing system.

Time tL = 71 /§ approximates the time that the system spends during pulses.

Time tf = 71 /§ approximates the time that the system spends during surge.




2) The piecewise linear model

b) Quantitative aspects.

Period of the limit cycle of the forcing system.
Ratio between the durations of the pulsatile phase and the surge regime.
tL
ps(b1, b2, k2, €) = tiR =
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2) The piecewise linear model

b) Quantitative aspects.

Period of the limit cycle of the forced system (pulses). Depends on X.
We can proceed in the same way to compute the period...
Moreover, we can prove the following result.

Theorem

For each point p € (—1, 1), consider the function X (p) = —(p(ag+a1k1)+az)/c.
For X = X(p), under hypothesis (H1), (H2) and (H3), the function 7(X (p)) is
continuous in (—1,1), possesses two vertical asymptotes at p = —1 and p = 1,
is strictly decreasing for p € (—1,0), strictly increasing for p € (0,1) and has a
minimum at p = 0.

(a)

-1 -1 1

FIG. 3.2. Representation of the period 7;(X(p)) (a) and frequency w(X(p)) (b) withp € (—1,1)
for the values § = 0.0125, k1 = 3, ap = 1, a1 = 0.9999, a2 = 1.9998 and c = 2.4891.




2) The piecewise linear model

b) Quantitative aspects.

Following the neuroendocrine knowledge, we need increasing frequency during
the whole pulsatile regime.

(a)

-1 -1 1

F1G. 3.2. Representation of the period 7y (X (p)) (a) and frequency w(X(p)) (b) withp € (—1,1)
for the values § = 0.0125, k1 = 3, ap = 1, a1 = 0.9999, as = 1.9998 and ¢ = 2.4891.




2) The piecewise linear model

b) Quantitative aspects.

Following the neuroendocrine knowledge, we need increasing frequency during
the whole pulsatile regime.

(a)

-1 -1

F1G. 3.2. Representation of the period 7y (X (p)) (a) and frequency w(X(p)) (b) withp € (—1,1)
for the values § = 0.0125, k1 = 3, ap = 1, a1 = 0.9999, as = 1.9998 and ¢ = 2.4891.

(H4) ag < c. Increasing frequency during the whole pulsatile regime.
Ratio of frequency increase

w(—1)
=55

9 9 9 7k75 =
prlao, a1, az,c,ki,0) =




2) The piecewise linear model

b) Quantitative aspects.

Feature Specification | Unit
whole cycle duration J 16.5 days
high frequency dyration 2.5 days
surge duration «f 1 days
low frequency duration 13 days
pulse to surge amplitud:af.tio 1 to 60 -

frequency increase ratio.f 1to4 -
TABLE 4.1
Quantitative specifications for the GnRH secretion pattern along the ovarian cycle in the ewe




2) The piecewise linear model

b) Quantitative aspects.
Low-high frequency durations rate.

Feature Specification | Unit
whole cycle duration « 16.5 days
high ﬁ'equency d ation 4w 2.5 days
surge duration 1 days
low frequency duration %—- 13 days
pulse to surge amphtudzftlo 1 to 60 -

frequency increase ratio 1to4 -
TABLE 4.1
Quantitative specifications for the GnRH secretion pattern along the ovarian cycle in the ewe

1. If by € |0, 1) the velocity of the flow along phase I of the limit cycle vx (1)
is decreasing and then, the system remains a larger amount of time in the
high frequency regime.

. If by = 1 the velocity of the flow along phase I of the limit cycle vx(n) is
almost constant and the system remains the same amount of time in both
the low and high frequency regimes.

. If by > 1 the velocity of the flow along phase I of the limit cycle vx(n) is
increasing and then, the system remains a larger amount of time in the
low frequency regime.




2) The piecewise linear model

b) Quantitative aspects.
Low-high frequency durations rate.

(b)

We consider by convention that the change between both regimes takes place when
the flow on the relaxation cycle passes through Y = 0 during phase I.




2) The piecewise linear model

b) Quantitative aspects.
Low-high frequency durations rate.

(b)

We consider by convention that the change between both regimes takes place when
the flow on the relaxation cycle passes through Y = 0 during phase I.




2) The piecewise linear model

b) Quantitative aspects.
Low frequency duration rate.

Blow Blow 1 1 2
L —
low = 53L = "5 (5(b1—1)+b1—1+5+0(6) ’

by — ko — 1
b2—1+(b1—2)k’ .

where ()., = log [

Duration ratio between the low and high frequency parts.

by # 1
tlz)w 5low
@(b1,b2, k2, €) = ;L = 8L




2) The piecewise linear model

b) Quantitative aspects.

Feature Specification | Unit
whole cycle duration '«f J 16.5 days
high frequency ation 2.5 days
surge duration « 1 days
low frequency duration J 13 days
pulse to surge amplitud?atio 1 to 60 -

frequency increase ratio 1to4 -
TABLE 4.1
Quantitative specifications for the GnRH secretion pattern along the ovarian cycle in the ewe,




2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.

Feature Specification | Unit
whole cycle duration J J 16.5 days
high frequency ration 2.5 days
surge duration « 1 days
low frequency duration J 13 days
pulse to surge amplitude ratio é-ml to 60 -
frequency increase ratiof ~ ltod4 .

TABLE 4.1
Quantitative specifications for the GnRH secretion pattern along the ovarian cycle in the ewe,
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2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.
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2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.

e e
r<-—-1= f(zr)=—x—Fk — 1.

' = —(agr + ar1(—x — k1 — 1) + as + cX),
X'=—e(X4+bi(—X 4+ ka+ 1)+ ba).

Linear system during the surge




2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.

' =—(apx +a1(—x — k1 — 1) + az + cX),
X' =—-(X+b (=X +ka+1)+bo).

(2(0), X(0)) = (—2k; — 1, 2ky + 1)




2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.

' =—(apx +a1(—x — k1 — 1) + az + cX),
X' =—-(X+b (=X +ka+1)+bo).

(2(0), X(0)) = (—2k; — 1, 2ky + 1)

b1(1 =F kg) = bQ — eXPp [(bl = 1)88] (1 =F bz == kg(bl — 2))
by — 1
BR

Send — (bl == 1)6




2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.

' =—(apx +a1(—x — k1 — 1) + az + cX),
X' =——(X+b(—X +ka+1)+0b).

(2(0), X(0)) = (—2k; — 1, 2ky + 1)

bl(l =F kg) = bz — eXPp [(bl = 1)88] (1 =F bz == kg(bl — 2))
by — 1
BR

cend = e 1)

(H5) agk1 + a1 —ag > 0,|(a1 — ag)/c| K 1 wwwdp x decreases on the entire time interval

T(Senq) approximation of the minimum reached by x during the surge




2) The piecewise linear model

b) Quantitative aspects.
Approximation of the maximum of the surge.

X'=—(X+b(—X +ka+1)+b2).

{ ' =—(apx +a1(—x — k1 — 1) + az + cX),

(2(0), X(0)) = (—2k; — 1, 2ky + 1)

bl(l =F kg) = bz — eXPp [(bl = 1)88] (1 =F bz == kg(bl — 2))
by — 1
5R

cend = e 1)

(H5) agk1 + a1 —ag > 0,|(a1 — ag)/c| K 1 wwwdp x decreases on the entire time interval

T(Senq) approximation of the minimum reached by x during the surge

ymax(a07a17a27b17b27c7 k17k27€) == _'CU(Send) = kl ==

approximation of the maximum of the surge




2) The piecewise linear model

c) Application to GnRH secretion patterns.

Ewe

Monkey

Rat

Feature

Specification

Specification

Specification

whole cycle duration

high frequency duration

surge duration

low frequency duration

pulse to surge amplitude ratio
frequency increase ratio

16.5
2.5
1
13
1 to 60
l1to4

28
13
1
14
1 to 25
lto4




2) The piecewise linear model
c) Application to GnRH secretion patterns.

8=0.0125, k=3, k=6,
Ewe azl,2=0.9999 (H2)(

Forcing system

€i=0.003

Set the durations of the low and high frequency parts: find y,0
P,=0.5
¢(1,0, ko8 ) =0.84 —= §=0.0172

Increase o

Existence
of relaxation
cycle?
Yes
o =0.0683

6 =0.0683 ($p(i,0,k.&)=0.78) | O =V-0683

b, =1.4508
b, =1.2987

Forced system

a=lagak+al —= a,=1.9998

a=1.9998

pf(aOaal’aQaC ,kl, 6)=4 %C=2 .4891

(H3), (H4)(

c=2.4891

ymax (a09al aa27b1 ,@ ’C ?kl ,k2 ,’5) =360 9 /§=0.0023

o (p,0.ko,6) =155 —= =0.6943 P=0.6943
(o(p,0,ka,€1) =0.78)

bi(o,p)=1.4508
by(o,p)=1.2987

H1)(

£=0.0023

Simulation

Max surge
simulation OK?

Max surge
smaller than

Decrease €

Max surge 360
d(1p,0,ko,e)=0.78

0 (.0, ke £)=15.5
Pr(o.a1,25. Ky, 8)=4

Increase €




2) The piecewise linear model
c) Application to GnRH secretion patterns.

8=0.0125, k=3, k=6,
Ewe azl,2=0.9999 (H2)(

Forcing system

€i=0.003

Set the durations of the low and high frequency parts: find y,0
P,=0.5
¢(1,0, ko8 ) =0.84 —= §=0.0172

Increase &

Existence
of relaxation
cycle?

Yes

o =0.0683

0 =0.0683 (p(i,0,kz,& ) =0.78) 0 =0.0683
p(,0k,e) =155 —= =0.6943 P=0.6943

b, =1.4508 £=0.0023
b, =1.2987

Forced system

a=lagak+al —= a,=1.9998

a=1.9998

pf(aO’al’aQaC ,kl, 6)=4 %C=2 489 1
(H3), (H4)

c=2.4891

ymax (a09al aa27b1 ,@ ’C ?kl ,k2 ,’5) =360 9 /§=0.0023

Simulation

(o(p,0,ke,€1) =0.78)

bi(op)=1.4508 Max surge 360
by(o)=1.2987 Max surge d(P,0,ko.£)=0.78

H1 imulati Y
(H1) 4 simulation OK 0,(P,0,k £)=15.5

pf(ao’al >a2 .C ,kl s 6):4

Max surge —
smaller than Increase €

Decrease €




2) The piecewise linear model

c) Application to GnRH secretion patterns.

Ewe

9
t(days)




2) The piecewise linear model

c) Application to GnRH secretion patterns.

Ewe Rhesus Monkey

9
t(days)

A U A

125 15 1.75 2 225 25 0 2 4 6 10 12
t(days) t(days)

F-G, Desroches, Krupa and Clement, SIADS 2015




3) Mixed mode oscillations due to canard phenomena

For biological convenience, we have forbidden the nullcline to cross the upper corner.




3) Mixed mode oscillations due to canard phenomena

For biological convenience, we have forbidden the nullcline to cross the upper corner.




3) Mixed mode oscillations due to canard phenomena

For biological convenience, we have forbidden the nullcline to cross the upper corner.

What does it happen if we let the nullcline cross the upper corner?

In the smooth original version of the system:
Krupa, Vidal, Desroches and Clément, SIADS 2012




3) Mixed mode oscillations due to canard phenomena
Krupa, Vidal, Desroches and Clément, STADS 2012

H1l: X = Xpnin
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3) Mixed mode oscillations due to canard phenomena
Krupa, Vidal, Desroches and Clément, STADS 2012

H1 : X = Xnin
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We observe two novelties:

1. There exists a pause between the surge and the pulses

2. In this pause, there are small oscillations




3) Mixed mode oscillations due to canard phenomena
Krupa, Vidal, Desroches and Clément, STADS 2012

Under certain conditions, they prove the existence of an attractive and
unique limit cycle of this type

They numerically orbserve a one to one compensation mechanism between

the number of small oscillations and pulses

They explain this compensation as the interaction between two canard-
mediated phenomena
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3) Mixed mode oscillations due to canard phenomena

Can the PWL version of the model produce Mixed Mode Oscillations?

Can we go further in the proofs of the canard interactions?

In the current formulation, the PWL system
does not display small oscillations... Why??

In the smooth system, the vertical nullcline crosses
a real canard explosion, in our case is a canard

super-explosion, that is, the relaxation cycle is born
instantaneously




3) Mixed mode oscillations due to canard phenomena

® Chasse au Canard, E. Benoit, ]J. Callot, F. Diener and M. Diener, CM 1981

Van der Pol oscillator

et =y —x°/3 + =z,

U =0 — 1

aceR0<ex1

a - 0,998 740 451 2 a--0,998 749 451 3
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® Canards in PWL systems: explosions and super-explosions, M. Desroches, E. Freire,
S.J. Hogan, E. Ponce and P. Thota, Proceedings of the Royal S. 2013

f(x) —kzx, =gl

{ x':y—f(x), x+k+1, if x < —1,
y=ela—z) b1 5 I

4e — k* < 0 Node case: canard super-explosion

* k=0.9¢=02




3) Mixed mode oscillations due to canard phenomena

® A generation Mechanism of Canards in a PWL system, N. Arima, H. Okazaki,

H. Nakano, IEICE 1997

Add an extra ‘small” piece in the corner to generate a canard cycle

The equilibrium point of the extra piece should be a focus to let the flow pass through

S,

®

® Canard-like explosion of limit cycles in twodimensional PWL models of FitzHugh—
Nagumo type, H. G. Rotstein, S. Coombes, A. M. Gheorghe, STADS. 2012
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F-G, Desroches, Krupa and Teruel, Dyn. Sys. 2016

NO(exp(—~2))

Smooth Canard Explosif

0.5

max(y)

04r

PWL Canard Explosion |




3) Mixed mode oscillations due to canard phenomena

To obtain the analogous to a canard explosion in the PWL case, we need to add one extra zone

(

xz—y—l—f(w),

¥ =0d(z+ax+cX),
( X:5(_Y g(X))7 =Xl -

F =l i E s o= nx if [X| <1,
L e
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3) Mixed mode oscillations due to canard phenomena

To obtain the analogous to a canard explosion in the PWL case, we need to add one extra zone

([ —x — 2, 1f:1:<—1

(

33:_?/+f(x),
¥ =0d(z+ax+cX),

i X:5(_Y 9(X)), e —=ls = 1fX<—1
Y =ad(X =Y £, ko X, i XL

In the new formulation, the PWL system displays

y Mixed-Mode oscillations
4 . T

3 -

2_




3) Mixed mode oscillations due to canard phenomena

We prove the existence of an attractive and unique limit cycle of MMOs type.
Moreover,

1. If the rightmost position of the vertical nullcline is located in the center zone, the
limit cycle consists of a series of pulses and one surge.

2. If the rightmost position of the vertical nullcline is located in the extra zone or in the
right zone but close enough to the extra zone, a pause takes place between the surge
and pulsatile regime. On the pause, small oscillations can occur and the limit cycle
consists of a series of small oscillations, a series of pulses and one surge.

The period of limit cycle corresponds to the period of the relaxation cycle of the forcing

y
system. y

3 -

2_




3) Mixed mode oscillations due to canard phenomena

(1,14 \/5)

Can we go further into the canard-mediated
compensation of small oscillations and
pulses?

First, we observe that, if the rightmost
position of the vertical nullcline is at the
left of the maximal canard, small
oscillations do not take place.
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3) Mixed mode oscillations due to canard phenomena

Number of small oscillations. Passage through primary and secondary canards

T = _y_l_f(x)a
- ¥ =0(x+az +cX),
Si— 65(X +b1Y + bz),
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Number of small oscillations. Passage through primary and secondary canards

T = _y_l_f(x)?
- ¥ =0(x+az +cX),
Si— 65(X +b1Y + bz),




3) Mixed mode oscillations due to canard phenomena

Number of small oscillations. Passage through primary and secondary canards

Three-dimensional reduction with three time scales during the pause and pulsatile regime

(

ZE:—y—Ff(x),
Y =0(x + as + cX),

[ X =6(-Y + g(X)),

Y = 65(X +b1Y + bz),

During phase I of the limit cycle of the forcing system, variables X and Y follow the slowest
time scale and the current (X, Y ) point remains in an O(¢e) neighborhood of the X—nullcline

Y = o(x + as

f .CIJ:—y—Ff(CU),

+ cX),

Sl =T

(XJ

—1+ Of(e)

bz>.
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Number of small oscillations. Passage through primary and secondary canards
f T = == f ($ )7
Yy = 0(x+ as + cX),

= <X +b1(_X__1kj;(1; O(¢)) +b2> .

In this system, there exists a canonical choice of the attracting and repelling Fenichel slow
manifolds, which are planes.

Sa,5 =

A~ R
ey = o

O c(20+(v/1—40—1)(Ass >
== —eir L zgajxss(/\sls)il))ﬂ)) gt =) =10y

Sr,5 =

s e 3 (26— (v/1=45—1)(Mgs— y
{ZC‘i‘CLQ—'—CX_ 5 (y—l—a2—|—CX)-|- 2 2((5_:)\848()\818)£1)) 1)>(X—X) _O}

by — b1 (1 + ko)
by — 1

X =

M. Desroches, A. Guillamon, E. Ponce, R. Prohens, S. Rodrigues and A. E. Teruel. SIAM Rev. 2016
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Number of small oscillations. Passage through primary and secondary canards

Now that we have defined the attracting and repelling Fenichel slow manifolds, it is possible to define
the primary and secondary canards:

We call canard a connection between the attracting and repelling Fenichel slow manifolds, through the
flow in the extra zone x € (1- 9, 1+ ).

If the connection is such that the flow does not make any loop, it is called the primary canard.

If during the connection the flow makes n loops, it is called the nth—secondary canard.

y
4

3 [
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Number of small oscillations. Passage through primary and secondary canards

An approximation of the values for which the limit cycle passes very close to the primary or the

nth—secondary canard, is given by:

Ol e = sl ((ag + 1)e(ba + Xmin — b1(k2 + Xmin + 1)) + Xmin)\/g
— X,
1S (E(TF(CLQ + 1)(4n = 1) — 2&2)([)1 (k'2 + Xmin =} 1) = b2 — Xmin) + 4Xm1n)6

PN

min

+0(6%/2),

If c € (cn,cn+1), the number of small oscillations of the limit cycle equals n + 1.

Y
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Number of small oscillations. Passage through primary and secondary canards
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Similar mechanism to the smooth case
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Krupa, Vidal, Desroches and Clément, STADS 2012




3) Mixed mode oscillations due to canard phenomena

4

Decreasing ¢, the system passes through a
secondary canard, and one small oscillation is
subtracted.

Is this small oscillation lost compensated by
one pulse? Attending to these figures, it
seems So...
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While decreasing c, there may exist two different types of ¢,,, for which the
number of small oscillations exhibited by the limit cycle is depleted by one,
namely,

1. ¢, = c2, the number of pulses remains the same after the passage through
¥ while decreasing c.

. ¢, = ¢, one extra pulse appears after the passage through ¢! while de-

creasing c, to compensate for the decrease in the duration covered by small
oscillations.

The number of ¢ values that we find between two ¢! depends on § and increases
while 0 decreases.

500 1000 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3500 4000

F-G, Krupa and Clément, Phys. D 2016




Conclusions

1) We have analyzed qualitatively and quantitatively the PWL model.

2) It is possible to better control quantitative aspects.

3) The system reproduces well the GnRH secretion patterns.

4) Analysis of MMOs in an extension of the PWL model.




Future work

1) Change the slope of the extra piece, allowing for increasing or decreasing
the size of the small oscillations.

2) Change the slope of the middle zone, allowing for the existence of saddle-
node of canards.

3) PWL equivalent of an extended 6D version of the model, in which two
fast subsystems are coupled together, while still being forced by the slow
subsystem.
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