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9 hours
Courses and conferences : mixed
Latex beamer - Powerpoint - Keynote
French and english : mixed
Very old and very new results : mixed
Sorry ..
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Resonances in the Solar System

8 planets : 4 + 4
Mainly an elliptic orbit around the Sun
Mutual gravitational influences
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Asteroids
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Asteroid Belt
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Asteroids population

Minor Planet Center : catalogues
ASTDYS and NEODYS (Pisa + USA + Valladolid)
Non numbered asteroids
Systematic Surveys : magnitude 22
2018 : 99 % of asteroids of 1 km
Masses, spin velocities, densities
Albedos, thermal conductivity, surface temperatures
Irregular shapes - binaries
Effect on planetary ephemerides : 300 included
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Asteroids : Kirkwood gaps 1866

Kirkwood, Daniel (1814–1895)
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Asteroids : Kirkwood gaps 1866
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Asteroids : Kirkwood gaps 2017

MMR resonances destabilize and stabilize the objects
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Galilean satellites : MMR 1-2-4

MMR resonances stabilize the objects
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MMR : Kuiper belt

MMR resonances stabilize the objects
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MMR : Kuiper belt
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MMR : Kuiper belt
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MMR : Nice Model
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Spin-Orbit resonances : Moon

Always the same side facing the Earth
The body has a shape and a spin
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Spin-Orbit resonances : natural satellites
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Spin-Orbit resonances : Mercury
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Gravitational resonances : space debris
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Summary

Mean motion resonances : asteroid belt, Galilean
satellites, Kuiper belt
The planets are point masses, orbit the same primary,
have commensurable periods
If the planets have no fixed orbits, apparition of secular and
secondary resonances
Spin orbit resonances : Moon, natural satellites, Mercury
The body has a spin, its orbital and rotational periods are
commensurable
Gravitational resonances : GEO, MEO orbits
The primary has a spin, the orbital period of the orbiter is
commensurable with the spin of the primary
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Mean Motion resonances 

- Hamiltonian formalism 
- Averaging 
- Classical variables   
- Mathematical approach 
- Different Models and orders 
- Simplified perturber   



Systèmes hamiltoniens 
Hamiltonien :      H = H(q,q) 


Transformation canonique :    (q,p) —> (Q,P)          


Fonction génératrice S : S = S(q,P) 


Nouvel hamiltonien  

p =
�S

�q

Q =
�S

�P

H = H(q, p)

1

K = K(Q,P )

= H(q(Q,P ), p(Q,P ))

1

dq

dt
= @H

@p

dQ

dt
= @K

@P

dp

dt
= �@H

@q

dP

dt
= �@K

@Q
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Very efficient tool 
Different angles : fast and slow 
Long-term dynamics  
By a canonical transform  
New averaged canonical variables  

 

Averaging principles 

H(�, I) = H0(I) + ✏ P(�, I, ✏)

� = (�1, . . . ,�n)
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la solution peut formellement s’écrire:

1

Averaging process performed 
step by step, up to some order N



5 Constant  
and 1 fonction of time 
 in case of a fixed ellipsis 

6 elliptic elements : a, e, i, M , !, ⌦

1



Elements de delaunay

6 elliptic elements : a, e, i, M , !, ⌦

1

M = Mean anomaly
! = argument of pericentre
⌦ = longitude of ascending node
L =

p
µ a

G =
p
µ a (1� e2)

H =
p
µ a (1� e2) cos i

1

Non canonical set 

Canonical variables  
and momenta 



Non singular Delaunay 
Problems when i = 0 (node ?) and e = 0 (pericentre ? )  

� = M + ! + ⌦

p = �! � ⌦

q = �⌦

L =
p
µ a

S = L�G = L (1�
p
(1� e2) ' L

e
2

2

T = G�H = G (1� cos i) ' G
i
2

2
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Problème des deux corps 

Ṁ =
µ2

L3
= n

+  Perturbation 3ième corps

orbite circulaire plane fixe  

H = H(a, e, i, M, ω,Ω)

= H(L, G, H, M, ω,Ω)

= H(L,−,−,−,−,−)

= −
µ2

2L2

Fixed orbit  -> Time dependent orbit 
Osculating elements 

est vraie non seulement au sens L2 mais au sens de la convergence simple sur ]-1,1[.

Intégration numérique d'une fonction[modifier | modifier le code]

Afin de calculer numériquement l'intégrale d'une fonction sur l'intervalle [-1, 1], l'une des méthodes les plus populaires est la
méthode de quadrature de Gauss-Legendre fondée sur les propriétés des polynômes de Legendre. Elle prend la forme :

avec :

 l'ensemble des zéros du polynôme de Legendre 

 les poids respectifs : 

En particulier, la formule[4] à l'ordre n est exacte pour toute fonction polynomiale de degré 2n-1.

Applications en physique[modifier | modifier le code]
Les polynômes de Legendre, tout comme ceux d'Hermite ou de Laguerre, apparaissent dans diverses branches de la physique ou du
calcul numérique car ils permettent le calcul d'intégrales définies sans qu'il soit nécessaire de les évaluer analytiquement, à condition
toutefois que par un changement de variable adéquat, on se place dans l'intervalle d'intégration [−1, 1].

Les polynômes de Legendre permettent de développer en série les fonctions du type (cette formule se déduit directement de la
fonction génératrice) :

où r et r' sont les normes des vecteurs  et , respectivement, et  est l'angle entre ceux-ci. Un tel développement est utilisé par
exemple dans l'étude du dipôle électrique ou de façon plus générale dans l'expression du champ électrique ou gravitationnel à grande
distance d'une distribution continue de charge ou de masse (développement multipolaire).

Les polynômes de Legendre apparaissent également dans la résolution de l'équation de Laplace  pour le potentiel
électrique V dans une région vide de charges, en coordonnées sphériques, dans le cas d'un problème présentant une symétrie axiale
(V est alors indépendant de ϕ), procédant par la méthode de séparation des variables. La solution de l'équation de Laplace se met
alors sous la forme :

Notes et références[modifier | modifier le code]

1. ↑ En effet, en développant l'équation différentielle se met sous la forme , avec  et 

. Par suite il est évident que les points x=1 et x=-1 constituent bien des pôles d'ordre un de f(x) et g(x).
2. ↑ Murray R. Spiegel (en), Analyse de Fourier et application aux problèmes de valeurs aux limites : 205 exercices résolus,

Série Schaum, 1987, 200 p. (ISBN 978-2-7042-1019-0), chap. 7 (« Les fonctions de Legendre et leurs applications »), p. 138-142.
3. ↑ Le cas plus général où l'on cherche par séparation des variables une les solutions de la partie angulaire de l'équation de

Laplace dépendant à la fois de  et  permet d'introduire les polynômes associés de Legendre, étroitement liés aux
harmoniques sphériques.

4. ↑ On trouvera une table pour les cinq premières formules dans (en) Eric W. Weisstein, « Legendre-Gauss quadrature »,
MathWorld

Voir aussi[modifier | modifier le code]

Articles connexes[modifier | modifier le code]

Polynômes orthogonaux
Harmoniques sphériques



Troisième corps 

V = −mJ
G
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Case of the Lapace resonance  
almost circular orbits : no crossings !  



Eccentric orbits 
Crossing of the other orbit ? 

Resonance acting  
as a protection mechanism 

No close approach

Example of 2:1 



résonance interne ou 
externe 

Internal

external



Moyennisation 
V = �mJ
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aJ
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Distribution des astDistribution des astééroroïïdesdes



Kirkwood maintenant 



H0 = � µ2

2L2
+ nJ�J

V = �mJ
G
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j + i

i
S

Moyenne sur les courtes 

périodes : N = cste


Excentricité petite 

(S petit)


Développement en série 

et troncature rapide 



Modèles de résonances
K = ⇥ S2 + � S + ⇤ cos ⇧

K = ⇥ S2 + � S + ⇤
⇥

2S cos ⇧

K = ⇥ S2 + � S + ⇤ 2S cos 2⇧

K = ⇥ S2 + � S + ⇤ (
⇥

2S)3 cos 3⇧

K = ⇥ S2 + � S + ⇤
⇥

2S cos ⇧ + ⌅ 2S cos 2⇧

Pendule
SFMR : i=1
i=2

i=3

SFMRAS : i=1 � = �(N) = �(a, e)
⇥ = ⇥(N) = ⇥(a, e)
⇤ = ⇤(N) = ⇤(a, e)
⌅ = ⌅(N) = ⌅(a, e)



Modèles mathématiques 
R = aS

r = b � + c

⇥ = d t

K = sH

avec b = ±1
c = 0 ou �

d ⇥ 0

K = �3 (� + 1)R + R2 � 2
⇥

2R cos r

K =
1
2

R2 + � cos r un seul paramètre 

K = �3 (� + 1) R + R2 � 2
⇥

2R cos r + b 2R cos 2R

ou

deux paramètres 



Variations périodiques 

de l’excentricité

Larges excursions 

en excentricité



Forme en V

dans l’espace (a,e)

Courbes N(a,e) = cste 



Resonances of order 2 
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Resonances of order 3 
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Minor planet in MMR with a planet 
Possible large excursions in  eccentricity  
Crossing of the orbit of another planet  (Mars for example) 
 

Nothing to hope for small eccentricities  
 blocked in the resonance area 

2 mechanisms  Explanation of the depletion 
presence of other resonances  
  
Explanation of the flux of NEO 
action of dissipations  



Perturber : fixed circular orbit ?

More realistic orbit 

Elliptic and plane : pericentre

Elliptic and inclined : pericentre and node

Perturbed  orbit (by the other planets)

Analytical theory Ephemerides  

Full numerical integration of the dynamics 

More complex dynamics 



Orbite elliptique plane 3ième corps 

V = �mJ
G

aJ

�
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) cos(m⇥ + t�)

⇥ = �j + i

i
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�� ⇤Javec N =

i

j
L + L�Get

⇥ conjugué à S = O(e2)
� conjugué à N = N(a, e)
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i
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Moons et Morbidelli
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Résonances

secondaires



Case Umbriel and Miranda

Two satellites of Uranus

Orbital period Umbriel : 4.44 days 

Orbital period of Miranda :  1.41 days

Inclination of Miranda high : 4.34 degrees 

Passage through the 3:1 resonance in the past

Trapped in a secondary resonance 
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en inclinaison 


(a,i)

Umbriel 

 Miranda

⌅ =
1
2

(��M + 3�U � 2�M )
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(�M � 3�U + 2�U )

S =
⇥

µa (1� cos iM )
N = N� + 2
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µaM + S



� = M + ⇥ + � L

p = �⇤ S = L�G

q = �� T = G�H

�
a

e2

2

sin2 i

2

Hors résonances en moyen 
mouvement 

orbites planétaires 
circulaires  


 + moyenne sur les 
angles rapides 

K0 = K0(g, e,Q)
Q = L�H

= L(1�
�

1� e2 cos i)

⇥ L

2
(e2 + i2)

Résonances de Kozai

V = V (�, p, q, L, S, T, �i)

Kozai ou Morbidelli

Q = Q0 � i2max =
2Q0

L



coordonnées polaires : (excentricité, péricentre)  

Q = Q0 � i2max =
2Q0

L

L’astéroïde a un péricentre 

qui ne circule plus mais est en 
libration autour de 90° ou 270°
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i

iS

iJ

g g5

g6

s

s6

Secular Réeonances

Pericentres and nodes 

are moving linearly with time  
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Hors résonances en moyen 
mouvement 


Moyenne sur les angles rapides 

Résonances séculaires

�̇J = g5 �= 0
�̇S = g6 �= 0
�̇J = s5 �= 0
�̇S = s6 �= 0

V̄ = V̄ (�, p, q, L, S, T,�,�i,�i)

� = ⇥ �⇥i

= �p�⇥i

� = �� �i

= �q � �i



Orbites des 3ièmes corps non kepleriennes 
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Résonance séculaire en 
péricentre 

(e,��)
e = 0 est au centre
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Echelles de temps 

1 million d’années  � = ⇥ �⇥S
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RÉSONANCE SÉCULAIRE 

� = �� �J

(i,��)

i = 0 est au centre
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Résonances séculaires 

à l’intérieur des résonances 


en moyen mouvement 

Moons et Morbidelli 

Superposition de 
plusieurs 

dynamiques 



Orbites des 3ièmes corps non kepleriennes 
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secondaires
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Minor planet in MMR with a planet 
Possible large excursions in  eccentricity  
Crossing of the orbit of another planet  (Mars for example) 
 

Nothing to hope for small eccentricities  
 blocked in the resonance area 

2 mechanisms  Explanation of the depletion 
presence of other resonances OK  
  
Explanation of the flux of NEO 
action of dissipations  ??? 

Except for very stable zones (inexistent ?)

the eccentricity increases  



Very recent PhD thesis 

Exoplanets forming in a disk 

Huge simulations on long times 

Purely numerical 

Search for high inclinations cases

Kozai dynamics 

Sotiris Sotiriadis

PhD in October 2017
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Abstract

In this work we explore dynamical perturbations induced by the massive aster-
oids Ceres and Vesta on main-belt asteroids through secular resonances. First
we determine the location of the linear secular resonances with Ceres and Vesta
in the main belt, using a purely numerical technique. Then we use a set of
numerical simulations of fictitious asteroids to investigate the importance of
these secular resonances in the orbital evolution of main-belt asteroids. We
found, evaluating the magnitude of the perturbations in the proper elements of
the test particles, that in some cases the strength of these secular resonances
is comparable to that of known non-linear secular resonances with the giant
planets. Finally we explore the asteroid families that are crossed by the secular
resonances we studied, and identified several cases where the latter seem to play
an important role in their post-impact evolution.

Keywords: Asteroids, dynamics, Resonances, orbital, Asteroid, Ceres,
Asteroid, Vesta

1. Introduction

For more than a century, a lot of studies have been done on the dynamical
structure of the Main Asteroid Belt, a large concentration of asteroids with
semi-major axes between those of Mars and Jupiter. Daniel Kirkwood proposed
and then discovered the famous gaps in the distribution of main belt asteroids,
which bear his name. The “Kirkwood gaps” are almost vacant ranges in the
distribution of semi-major axes, corresponding to the locations of the strongest
mean motion resonances with Jupiter, occurring when the ratio of the orbital
motions of an asteroid and a planet (in this case Jupiter) can be expressed as
the ratio of two small integers. Now we know that mean motion resonances with
all the planets of the solar system exist throughout the main belt, rendering it
a dynamically complex region.

The gravitational interactions in the solar system also cause secular per-
turbations, which a↵ect the orbits on long timescales. If the frequency, or a
combination of frequencies, of the variations of the orbital elements of a small
body becomes nearly commensurate to those of the planetary system, a secular

⇤
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Figure 2: The location of the v1c secular resonance on the (ap, ep) plane (top), and on the

(ap, sin ip) plane (bottom). The gray dots represent all main belt asteroids, and the colored

points the resonant ones for di↵erent inclinations (top panel) and eccentricities (bottom panel)

according to the respective color codes given in the legend.

excitation of the proper inclination when Ceres is included in the model as a
perturber, whereas for the same initial condition the inclination of the orbit
remains stable if we do not include Ceres. The right panels show the evolution
in the proper semi-major axis versus sine of proper inclination plane (ap, sin ip)
of the 20 particles of each group, in the two dynamical models.

In Novaković et al. (2015) we have shown that asteroids entering the reso-
nance experience oscillations in their inclination for as long as their critical angle
librates, as seen in the left panel of Figure 4. In order to quantify the e↵ect of
the perturbation induced by Ceres through the secular resonance, we measure
the maximal change in the proper inclination of the test particles, as they cross

6
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AU for the 21 :10 The 44 :21 resonance is evenresonance.4
thinner, by several orders of magnitude. Consequently, the

e†ect of both resonances must be very, very small. (2) The

location of the 21 :10 resonance is not exactly centered in

the region spanned by VeritasÏs semimajor-axis oscillations ;

in fact, the 12 resonances forming the multiplet associated

with the 21 :10 resonance are located in the interval 3.1708È
3.1724 AU, while Veritas oscillates between 3.1719 and

3.1765 AU. (3) The oscillations of VeritasÏs semimajor axis

are not correlated with the circulation/libration of any of

the critical angles associated with the 21 :10 and 44 :21 reso-

nances. (4) The correlation between semimajor axis and

eccentricity is only approximately veri⌧ed for 490 Veritas ;

Veritas is nevertheless a particularly ““ good ÏÏ case in this

respect, because it has a relatively high perihelion fre-

quency, D138A yr~1. In most of the other cases of ““ stable

chaos ÏÏ listed by et al. in other regions of theMilani (1997)

asteroid belt, this condition is not ful⌧lled at all. Thus,

even if the Milani et al.Ïs explanation could be accepted for

490 Veritas, it would necessarily fail in other cases. (5) A

quantitative model based on the Milani et al. scenario has

failed to explain VeritasÏs behavior (Lemaiü tre 1997).

We claim that the 5 [2 [2 three-body mean motion

resonance dominates the local dynamics and is a much

more convincing explanation of VeritasÏs behavior. Figure 1

shows clearly that the angle is a very slow angle(eq. [3])

with several librations of about 104 yr around zero, alter-

nating with periods of slow circulation. Moreover, its evolu-

tion is very well correlated with the evolution of the

semimajor axis. This shows that 490 Veritas is in fact in the

three-body mean motion resonance, with the resonant

angle de⌧ned by equation (3). It should also be noted that

the irregular behavior of both the semimajor axis and the

resonant angle witness the fact that the motion of 490

Veritas is chaotic. Indeed, its Lyapunov time estimated by

Milani et al. is about 8500 yr.

We will now show that the three-body mean motion reso-

nances also provide the explanation for most of the chaotic

asteroids in the main belt listed in Table 1 of et al.Milani

shows the result concerning 485 Genua and(1997). Figure 2

the resonance 3 [1 [1. Once again, the resonant angle

is very slowly variable. It libratesp \ 3jJ [ jS [ j [ -
around n up to approximately 8 ] 104 yr and switches to

the prograde circulation at 105 yr. From then on, it is in the

proximity of the 13 :5 resonance, which is located at 2.7510

AU. But the 3 [1 [1 three-body resonance still governs

the dynamical behavior in this region. This is clear from the

fact that the oscillations of the semimajor axis are very well

correlated with the behavior of the resonant angle, not only

up to 8 ] 104 yr (when the amplitude of oscillation is about

3 ] 10~3 and p librates) but also later, when p circu-AU5
lates. In integrations covering a longer time span, the alter-

nation between libration and oscillation of the resonant

angle p happens often, which is clear evidence that the orbit

is chaotic (the Lyapunov time is even shorter than that of

490 Veritas : it is about 6500 yr).

ÈÈÈÈÈÈÈÈÈÈÈÈÈÈÈ

4 The resonant size is given for the proper eccentricity of 490 Veritas,

which is about 0.0652. It is in fact the size of the strongest multiplet

component at this eccentricity, the component21jJ [ 10j [ 7-J [ 4-
with the maximum number of asteroid perihelia (and also with other peri-

helia combinations), i.e., being much weaker, of size21jJ [ 10j [ 11-,

D2.5 ] 10~6 AU.

5 In this case, the short periodic oscillations of the semimajor axis can-

celed by the ⌧ltering procedure were about 8 ] 10~3 AU.

FIG. 2.ÈSame as but for the asteroid 485 Genua. In this case,Fig. 1,

The asteroid is initially inside the 3 [1 [1 three-p \ 3jJ [ jS [ j [ -.

body resonance.

Similarly, we have succeeded in associating 10 Hygiea

with the 8 [4 [3 three-body resonance ; 221 Eos with the

6 2 [3 (but here the secular resonance isg]s[g6[s6\0

also important, where g and s are the mean asteroid peri-

helion and node frequencies, respectively, and and areg6 s6
two of the secular planetary frequencies ; & Knez— evic⇢Milani

and 564 Dudu and 795 Fini with the 3 [1 [1.1992) ;

Thus, we can conclude that the concept of the three-body

mean motion resonances is the one that was missing in

order to explain the observed chaotic behavior of many real

asteroids (we will list about 250 of them in just among° 4,

the numbered asteroids), which has been considered so puz-

zling in several recently published papers. From now on, the

three-body mean motion resonance should be considered,

together with the ordinary mean motion and secular reso-

nances, among the main chaos generators in the asteroidal

belt.

3. A NUMERICAL SURVEY OF THE MAIN THREE-BODY

RESONANCES

The three-body mean motion resonances are more dense

in phase space than the ordinary mean motion resonances

with Jupiter, because three mean motion frequencies

instead of two are involved. This is shown in Figure 3,

where we mark with vertical lines the locations of both the

ordinary and the three-body mean motion resonances, for

semimajor axis ranging all over the asteroid belt (2È4 AU).

For the ordinary mean motion resonances (heavy lines), the

height of the bars is given as 10 [ q, where q is the order in

eccentricity of the coefficient of the leading resonant harmo-

nic, so that all the resonances up to order 9 are reported.

For the three-body mean motion resonances (light lines), the

height of the bars is instead given as 7 [ q. This is done to

account for the fact that the coefficients of the three-body

resonant harmonics are quadratic in the masses (see

& Morbidelli and that for an eccentricityNesvorny⇢ 1998)
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FIG. 3.ÈLocation of the ordinary mean motion resonances (heavy lines) and the three-body resonances (light lines). The height of each bar is related to the
resonance order, as explained in the text, so that the vertical scale gives a comparative indication of the strength of the resonances.

e \ 0.066 the mass of Saturn is equal to e3 ; in other words,
a three-body resonance of a given order q should have
roughly the same strength as a usual resonance of order
q ] 3 for eccentricity of about 0.05È0.10. With this trick, the
vertical scale of gives a comparative indication ofFigure 3
the strength of the various resonances, so that the reader
can appreciate at a glance the surprising overdensity of the
three-body resonances. Thus, the three-body mean motion
resonances seem to be the main actors structuring the
dynamics in the main asteroid belt. A rough estimate shows
that the resonances at level 1 in the scale discussed above
have an expected width in semimajor axis of order 10~4 AU
at e D 0.1.

provides only a qualitative indication of theFigure 3
resonancesÏ strength, since it does not account for the dis-
tance from the main perturber (the resonances of a given
order that are far from Jupiter are expected to be narrower
than the resonances of the same order but close to Jupiter).
A more reliable numerical measure of the width of 17 three-
body resonances is reported in which is based onTable 1,
the numerical integrations of the evolution of a number of
resonant asteroids. As for 490 Veritas and 485 Genua (Figs.

and the asteroids have been integrated for 2 ] 105 yr,1 2),

taking into account the perturbations of four outer planets
and ⇠ltering the oscillations with periods less than D100 yr,
so that the usually very large short-period variations of the
semimajor axis have been completely eliminated.

For each considered three-body resonance, listsTable 1
by the catalog number one or more resonant asteroids that
we have numerically integrated. The following columns
report the proper eccentricity of the considered aster-(e

p
)

oids, the center value and the amplitude (da) of their(a
c
)

semimajor-axis oscillation, the typical period of these oscil-
lations and the libration center of the resonant angle(Tvar),(p

c
).
Several quali⇠cations are in order : (1) The amplitude of

the semimajor-axis oscillations is an indication of the width
of the resonance only for a value of the eccentricity close to
the asteroidÏs Note that, the motion of most asteroidse

p
.

being chaotic, such an amplitude may not be well deter-
mined on the basis of a 2 ] 105 yr integration. Moreover,
even if some quasi-regular librations of the resonant angle
occur, the width of the resonance may be larger than the
observed semimajor-axis oscillations ; in fact, in an integra-
ble case, the width of the resonance is equal to the ampli-
tude of semimajor-axis oscillation only if the libration

TABLE 1

NUMERICAL RESULTS ON THE THREE-BODY RESONANCES

a
c

da TvarResonance Asteroid e
p

(AU) (10~3 AU) (103 yr) p
c

4 [1 [1 . . . . . . 2440 0.1113 2.2157 0.6 50 0
4 [2 [1 . . . . . . 463 0.1795 2.3977 3.0 D10 0
7 [2 [2 . . . . . . 1966 0.1241 2.4476 0.6 D30 . . .
7 [3 [2 . . . . . . 1430 0.1741 2.5599 0.5 D30 n
2 2 [1 . . . . . . 258 0.1687 2.6155 0.7 D20 . . .
6 [1 [2 . . . . . . 53 0.2092 2.6190 D1.0 35 n

3426 0.0961 2.6195 D1.0 D40 . . .
4 [3 [1 . . . . . . 792 0.1604 2.6230 2.5 25 . . .
7 [4 [2 . . . . . . 789 0.1471 2.6857 0.5 20 . . .
3 [1 [1 . . . . . . 485 0.1958 2.7525 3.0 15 n

1642 0.0964 2.7525 2.0 25 n
4 [4 [1 . . . . . . 22 0.0881 2.9095 D1.0 D50 . . .
5 [1 [2 . . . . . . 576 0.1758 2.9860 2.0 20 0
3 [2 [1 . . . . . . 2395 0.0690 3.0790 4.0 10 n
6 1 [3 . . . . . . 936 0.1540 3.1385 0.4 10 . . .
8 [4 [3 . . . . . . 10 0.1347 3.1418 0.5 D30 . . .
3 3 [2 . . . . . . 106 0.1466 3.1708 D2.0 . . . . . .
5 [2 [2 . . . . . . 490 0.0652 3.1738 4.0 10 0

2039 0.1567 3.1743 4.0 3.8 0
3460 0.2031 3.1745 5.0 3.6 0

7 [2 [3 . . . . . . 530 0.1937 3.2080 \8.0 12 n

MMR résonances faisant 
intervenir 3 angles 
2 planètes  : J and S 
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di†usion speed (of order D10~3 Myr~1).

Similar experiments have been done for other three-body

resonances. The Lyapunov times are usually in the range

from 5 ] 103 to 105 yr. The relative frequency change is

always well correlated with the MLE pro⌧le and exceeds

10~4 Myr~1. This evidences the fact that the three-body

resonances are quite powerful sources of chaotic behavior,

and that a nonnegligible di†usion of eccentricity and incli-

nation should be associated with all of them.

An additional interesting question concerns the origin of

the chaotic behavior in the three-body mean motion reso-

nances found in our numerical integrations. We believe that

it is the overlap of di†erent multiplet components (di†erent

p in that plays a crucial role here. The multi-pJ, pS, eq. [2])

plet components are wider than their separation and

strongly interact, giving rise to the chaotic motion. The

resonant orbit is then free to wander over the range of

components of the multiplet that are overlapped.

An analytic model of three-body mean motion reso-

nances, showing the origin of chaos, is developed in

& Morbidelli Analytic formulae for theNesvorny⇢ (1998).

estimates of the Lyapunov and di†usion times may be

found in et al.Murray (1998).

4. SYSTEMATIC IDENTIFICATION OF THE ASTEROIDS IN

THREE-BODY RESONANCES

In order to identify among the population of known

asteroids those that are associated with ordinary or three-

body mean motion resonances, we have proceeded as

follows.

We have based our identi⌧cations on the catalog (kindly

provided to us by C. Froeschle⇢ & R. Gonczi) of the 836

numbered asteroids with a fast L yapunov indicator &(Lega

Froeschle⇢ greater than 108. This selection has been1997)

done by Gonczi, & Lega by integratingFroeschle⇢ , (1997)

over 50,000 yr the ⌧rst 5400 numbered asteroids under the

perturbations of the four outer planets. Such a time span

would be too short for the correct computation of the

maximum Lyapunov exponent, but the evaluation of the

fast Lyapunov indicator allows (with some uncertainty) the

detection of the most chaotic orbits.

In the points show the position of the 836 aster-Figure 5,

oids with respect to semimajor axis, eccentricity, and incli-

nation (we used the proper elements by & Knez— evic⇢Milani

when available, and the osculating elements1994

otherwise). In the bottom panel we indicate the location of

some of the main ordinary (heavy lines) and three-body

(light lines) resonances. The height of the resonant lines has

been scaled as in however, note that, with respectFigure 3 ;

to Figure 3, only some of the resonances have been plotted,

as otherwise would be unreadable. Above eachFigure 5

resonant line we report the integer coefficients de⌧ning the

resonant angles : m denote the three-body resonancemS mS
with angle while denotes themJ jJ ] mS jS ] mj ] É É É , mJ/m
ordinary resonance with angle where themj [ mJ jJ ] É É É ,

points stand for a correct combination of longitudes of peri-

helia satisfying the dÏAlembert rule.

Some asteroidal concentrations visible in can beFigure 5

easily identi⌧ed with ordinary and three-body resonances of

moderate order. The ordinary mean motion resonances 7 :2,

10 :3, 11 :4, 8 :3, 9 :4, 13 :6, etc., and the three-body mean

motion resonances 4 [1 [1, 3 1 [1, 4 [2 [1, 5 3 [2, 5 2

FIG. 5.ÈChaotic asteroids with the fast Lyapunov indicator larger than 108 (points) and the location of the main ordinary and three-body mean motion

resonances. The height of the resonant bars is scaled as in but only some of the resonances are reported.Fig. 3,


