Chaos

@ Superposition of two dynamics : choice for the trajectory

@ Very similar initial conditions : very different long term
behavior

@ Sensitivity to the initial conditions, to the computer
accuracy

@ Uncertainty, unpredictable behavior
@ Lyapunov, Chirikov

@ How to quantify this sensitivity ? How to measure the
chaos ?

Resonances



Planetary ephemerides

@ Limited ephemerides : JPL + IMCCE INPOP

@ Laskar: the motion of the planets in the Solar System is
chaotic

@ No accurate prediction of their trajectories beyond a few
tens of millions of years : 60 Millions of years

@ One possible motion, not THE motion

@ The recent simulations show that planetary collisions or
ejections are possible on a period of less than 5 billion
years

Resonances



Presence of chaos
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Regularity and Chaoticity

Quantitative consideration: indicators of chaoticity .. or
indicators of resonances

In chaotic (irregular) regions of phase space two initially
nearby trajectories separate roughly exponentially with time;
in quasi-periodic (regular) neighboring trajectories separate
roughly linearly with time (Chirikov, 1979)

Consequences:

@ Computation of rate of separation (divergence)
@ Sensitive dependence on initial conditions

Resonances



Rate of divergence - Variational methods

Definition

1= t—1to In(;/((t?))

d is the Euclidian distance between two initially nearby
trajectories.

@ Chaotic trajectories (irregular):
d grows exponentially (on the average), v approaches
some positive constant

@ Quasi-periodic trajectories (regular):
d grows linearly, v approaches zero as In(t)/t

Resonances



d n
X =f(x(t), @),  xeR?

where « is a vector of parameters

= 25(0(0) = JO)3(0(0). with J(1) = T (5(1)).

with § = x(t) — xo(t) and ¢(t) is a solution of the flow.

The Lyapounov Characteristic Number A (LCN)

o H5(¢(l‘))!l
A= Mm (Sl 0= g s e
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FLI = Fast Lyapunov Indicator

@ Directly linked with Lyapounov number

@ Introduced by Froeschlé, Lega, Gonczi (1997)

@ Simplest and most complex (papers of Lega and Guzzo)
@ Very popular

@ FLI(X(0),X(0),t) = In|[V(t)|

@ Reference : standard map

@ Special model created for tests

2 2
° H(¢1 ) ¢2’ ¢3, I1 ) I2a /3) = % + % + /3 + ECOS¢1+COS(;)2+COS¢3+4
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Standard Map 2 dimensions

Pendulum : H(x,y) = X; + e cos y associated with

= —%— sin
= (9)/ =€ J/

. OH_
Yy = o~
If we replace x ~ x(t+1) —x(t)and y ~ y(t+1) — y(t) :

x(t+1)—x(t) = esiny(t)
y(t+1)—y(t) = x(t)

or for symplecticity :

y(t+1) = x(t)+y(t)
x(t+1) = x(t)+esiny(t+1)=x(t) + e sin(x(t) + y(t))

Resonances



Standard Map 2 dimensions

Leap-Frog integrator of the pendulum
x(t+1) = x(t)+esin(x(t)+y(t)) Modulo2r
y(t+1) = x(t)+y(t) Modulo2r

with the associated linear variational system:

( Z;gj:; ) _ ( 1+ecos(x+y) icos(x+y) > ( V(1) )

Resonances



FLI for the Standard Map

Particular case e = 0 : v,(0) = 8 and v,(0) =0
Ve(E+ 1) = vi(f) and vy (1 + 1) = v (t) + vy (1)
or

w(t) = w(0)=p
vy(f) = tv(0)+v,(0)=tv(0)=1tp5

Consequently : ||V|| ~ t 3 for large t and

Ing+Int forregular orbits
FLICt) ~ { Mt for chaotic orbits

Resonances



Examples (courtesy of Elena Lega)

1 L %
oA 40 402 0 0w oM 0
X

A set of orbits for e = 0.3
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Examples (Elena Lega)

Variation of the FLI with time
100
for 3 orbits of the standard map

1 0 100 1000 10000
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e=-13

Examples (Elena Lega




Examples (Elena Lega)
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e=0.9

Examples (Elena Lega




Examples (Elena Lega)

20

FLI

The FLI-map for ¢ = 0.9
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Examples : Science 2000 Froeschlé et al

12 12 1
H(¢1 Y ¢2) ¢37 l17 I27 IS) = % + 72 + l3 + 6cos¢1+cos¢2+cos¢3+4
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Examples : Science 2000 Froeschlé et al

b) eps=.001 T=4000

0,/ W,
0.18

0.16

0.14

rapport des frequences

0.12

0.34 0.36 0.38
rapport des frequences (l), /10 3

3.

3.6 3.7 8 39 4 4.1
D'aprés Froeschlé, Guzzo et Lega (Science 2000)




Examples : Science 2000 Froeschlé et al

rapport des frequences (1)2/(.03

d) eps=.010 T=2000

0.18

0.16

0.14

0.12

. 0.34 0.36 0.38
o rapport des frequences 00,/ 3

: 3.4 3.6 3.8 4
? 2 D'aprés Froeschlé, Guzzo et Lega (Science 2000)
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Examples : Science 2000 Froeschlé et al

f) eps=.040 T=2000

0.18

0.14

rapport des frequences W,/
0.16

0.12

0.34 0.36
Tapport des frequences 0,/

3 3.2 3 -3

4 3.6 3.8 4
D'aprés Froeschlé, Guzzo et Lega (Science 2000)
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FLI chaos indicators and research

@ FLI : Fast Lyapounov Indicator (Froeschlé, Lega, Guzzo,
etc)
@ intensively used by Celletti and collaborators

05

asino
o

05

L L L
o o
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Celletti and Gales : 1:1
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IS e

FIGURE 3. FLI (using Hamilton’s equations) for the GEO 1:1 resonance
for e = 0.005, i = 0°, w = 0°, Q = 0° under the effects of the Jy and Joo
terms (top left); all harmonics up to degree and order n = m = 3 (top
right); all harmonics up to n = m = 4 (bottom left). The bottom right
panel yields the FLI for i = 0°, A = 75.07° in the (e, a) plane under the
effects of all harmonics up to n =m = 4.
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Celletti and Gales : 1:1

pen rney

20 0 20 4 60 80 100 120 140 160 20 0 20 40 60 8 100 120 140 160
n A

FIGURE 5. FLI (using Cartesian equations) for the GEO 1:1 resonance
for e = 0.005, i = 30°, w = 0, Q = 0, under all harmonics up to degree
and order three (left panel), all harmonics up to degree and order three +
Moon + Sun+ SRP with A/m = 0.1 (right panel).




LEO-MEO-GEO

resonance between the
orbital period of the satellite
and the rotation of the Earth
= gravitational resonance

RES 1:1

| |

20 000 km 36 000 km

METEOSAT
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Celletti and Gales : 2:1

_ NERQEJzz § aof_ € _
t = P {4(1+cosz) ( 2) cos(o +w 2)\22)}
_ peRyJn 3. 5.3 o
ty = - {2 sin z(ze) cos(o —w 2)\22)}
no= ,UERaEJsz
y = TR

al

where o = 2\ with A as in (3.14).

{E ini(1 — 2cosi — 3cos’ z)(l + 262) sin(o — 2)\32)}

= & = DA
Anne LEMAITRE Resonances




Celletti and Gales : 2:1

26580 o5
25675
26570

= 26565
26560
26555
26550 a5

26590 o5
25675
26570

= 26565
26560
25555

26550 35

FIGURE 7. FLI for the toy-model (5.1), fore = 0.1,7 =20°, w =0, 2 = 0,
under various effects: Jy + ¢, (top left); Jy+t5 (top right); Jo + t3 (bottom
i Jo + 1ty + ty + t3 (bottom right).




.

Celletti and Gales : 2:1

26500

26500

F1Gure 9. FLI (using Hamilton’s equations) for the MEO 2:1 resonance,
under the effects of all harmonics up to degree and order n = m = 4, for
i =30°% w=0,Q=0:e=0.005 (top left); e = 0.01 (top right); e = 0.1
(bottom left); e = 0.5 (bottom right).




Celletti and Gales : 2:1

26580 85 85
8 8
26575 s s
26570 7 7
65 65
26565 6 6
55 55
26560 5 .
26555 45 45
4 4
26550 35 35
26580 85
8
26575 s
26570 7
s 65
26565 6
55
26560 B N
26555 45
4
35

Ficure 11. FLI for the toy-model (5.1), for e = 0.1, i = 20°, w = —85°,
Q = 0, under various effects: J, + t1 (top left); Jo + to (top right); Jo + t3
(bottom left); Jo + ¢y + to + t3 (bottom right).




The MEGNO indicator - Integral formulation

L o(g(s))
o 6(o(s))

where § = |8, 6 =& - /0.

MEGNO

The Mean Exponential Growth factor of Nearby time-weighted
version of the integral form of the LCN. More precisely, Cincotta
et al. introduced and defined the MEGNO indicator:

t
Y(6(0) 5 V) = [ Yo(s)ds

Cincotta and Simo, A&A, 2000,
Cincotta, Giordano, and Simo, Physica D, 2003
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The MEGNO indicator - properties

@ Stable, isochrolous
periodic orbits Y(t) — 0

@ Quasi-periodic (regular)
Y(t) > 2

@ Chaotic (irregular)
Y(t) ~\/2t

Breiter et al 2001
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MEGNO
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Chaos maps

MEGNO : GEO - 30 years - A/M = 1,5,10,20 m?/kg

g

Semi-major axis [km]

40 60 80 100 120
Resonant angle [degree]

100 120 140 160
Resonant angle [degree]

15

Semi-major axis [km]

0 20 40 60 80 100 120 140 160
Resonant angle [degree] Resonant angle [degree]

[m] = =

Resonances



Geo resonance
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Geo resonance
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MEGNO

@ Earth + Jo + Joo

@ Very stable case :
ey = 0.002

@ 30 years and 300 years of
integration

"
o s
3
s
o
s
s
o s
3
T m w B
esonant ngedegroo)
« s
o 3
£y s
s
g
5 9 e
£
£ s
&
oo s
o os
3
o m @ w s w0 0 w0 1

Resonant angl [degree]

Figure 5.2: The MEGNO computed as a function of initial mean longitudes Ay and osculating
semi-major axis ay. The equations of motion include the central body attraction as well as the
second degree and order harmonics Jy, Cz; and Sy,. The mean longitude grid is 1° and the
semi-major axis grid is 1 km, spanning the 42 164 & 35 km range. The initial conditions are
€0 = 0,002,y = 0.004, 2 = wy = 0. Time at epoch is 25 January 1991. The patierns have
been obtained using two different integration times, ¢,
[bottom].

30 years [top] and t; = 300 years




MEGNO

@ Earth + Jo + Joo +
Moon + Sun + SRP

@ A/m=
1,5,10,20m? /kg

@ ¢) =0.002

@ 30 years

[—

of motion include the central body atraction, the second degree and order harmonics Js, Czz and Sz, the lun
the perturbing effects of the solar radiation pressure. The mean longitude grid is 1° and the semi-major axis
42164 % 35 km range. The initial conditions
4125 January 1991, The paterns have b obtaind usin four iferentarca-tomas aios, A/m 1,5, 10,20 . respectively op e,
top right,botto It and bottom right panel




MEGNO

@ Earth + Js + Jop + Moon +
Sun + SRP

@ A/m=10n?/kg
@ ¢g=2ande=04

-

Moan semi-major i

Moan semi-major axs i)

Resonan angle [dogree]

Figure 5.11: The MEGNO computed as a function of initial mean longitudes Ay and semi-
major axis ay. The equations of motion include the central body attraction, the second degree
and order harmonics .J, C and Sy, the luni-solar interaction as well as the perturbing effects
of the solar radiation pressure. The mean longitude rid is 1° and the semi- o s mu is
1 km spanning the 42 164 35 km range. The initial conditions are o = 0.0
with an area-to-mass ratio
patterns have been obtained using two initial eccentricities, cq = 0.2 [top] and ¢ =
[bottom].

0.00: 0
Afm = 10 m?/kg. Time at epoch is 21 Dccemb:r 2000 The
0.4




MEGNO

146 Chapeers. high
o

- o

3 9

H o

H n

o

6550 0 0 0 % 60 % 120 150 180 210285
Rocorant ange fiegres

@ Earth + J> + Jop + Moon +
Sun + SRP

@ A/m=10n?/kg
@ ¢ = 0.002

Figure 5.12: The MEGNO computed as a function of intial mean longitudes A, and semi-
major ais aq. [Top] Enlargement of the complete phase space. (Bottom] Enlargement of the
coordinates

body.
perturbations. The mean longitude grid is 1° and the s
the £2 161 100 km range. The initial conditions are
e s to-mae i 4/ < 10 P . Ton s epch .28 amry 1991
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Frequency Map

Variation of the frequencies - second derivatives

Principle

The main purpose of the FAM is to determine the approximation f’() of a signal f(z),
where both are developed in Fourier series:

N 3]
o= z pie Vil approximation of the initial signal f(r) = Z pre’ .
k=1 k=1
The frequencies v, for k = 1,..., N and their associated decreasing amplitudes p; for
k=1,..., N are determined through an iterative scheme.

Laskar, 1993




Frequency map

A/m=10m?/kg
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Further analysis stability : zoom

Primary and secondary resonance analysis : stability zones
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Secondary resonances _

2
u : w . .
H = i OL + e R2 (Fa00(i) Gaoo(€) Sa200 + F21(i) Gara(e) Saa12)

) 4 4
W . 3u 15w
H = _ﬁ — 0L+ FR? J»n COSZ(U — O'()) — WR? 82 Jrs cos 2(0' - 0'0).
Z=r= g Cr Pr % %
Xy = —k SinAg+ Cx —k (sinAg — Dx)

Kk COSAp Cose+ Cy = £ (COSAm cose+ Dy).

= & = = DA
Anne LEMAITRE Resonances



The eccentricity - pericenter motion : 1 year
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Secondary resonances

Resonance

z? 22
2 2
=— — As + 6
2 +yi+ LnsyCOS( s +4)
and the final (with all these successive approximations) Hamiltonian K is:
ur o F 2G
K(L,o)= o2~ OL + cos (20 — 200p) [F =5 cos (As +6):| s

with

1504 z?
4 p2 2
F =3u" R; 122—TRe Ja (L2 3 +y2

15u% Z

G=—"—"—R}Jp—
D 22 y




Secondary resonances

Expansion in the GEO region : L ~ L*
Introduction of normalized variables (r, R) on the pendulum
and on the perturbation

Resonance

R G
(7 bcosr)72L—8 cosr cos (As + §)
R? , . , G
—B \ = —bcosr+2G’ cosrcosn with G’ = ——
2 BLg
K R?
h:—ﬂf?—bcosrﬂ—G cos (r +n) + G’ cos(r —n),

where n = Ag + 6.

Resonances



Perturbed pendulum

Action-angle (v, p) on the pendulum and on the perturbation

g a small parameter (0.5 on the separatrix, smaller above)

pzj —b + Ng A

G' Jo(2q) cos(v +n) + G Jo(24) cos(v — 1)

G’ J2(2q)cos (8y +n) + G J2(29)cos (3¢ —n) + G' (2 q) cos (¥ +n)
G’ J(2qg)cos (v —n) — G Ji(2q)cos (n) — G Ji1(2q) cos (—n)
G'Ji(2q)cos (2¢ +n) — G'Ji(2g) cos (2 — 1)

h

1

I+ 4+ +

1 = o (GEO resonance- 2.5 years ) and n = Ag (Sun - 1 year)

oh . _oh J= oh and A:g—h.

@Z):aa 77:67\7 —% an
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We isolate a resonance ¢ = ji) + 7
we build a canonical transformation between (v, 7, J,A) to
(¢,m,d,T) defined by :

n J
V=29 j j

The Hamiltonian becomes :

2

J
h o~ G —bins(T57)

+ G J(29) cos(o F ? +1)+ G h(29) cos(¢F ? —7)

12

+ G J(2q)cos (36 F 3? +1)+ G J(2g)cos (36 F 3? —n)
+ G J(2q)cos (¢ F ? +1) + G J(2q)cos (¢ F ? —)

— GJi(2q)cos (20 F 2? +n) — G'Jy(2q) cos (20 F 2? =)
— 2G 4(2q)cos ()



Choice of the resonance j = +1, or j = +2 or j = £3, we keep
one resonant combination and we average over n so to get :

2

Bio= 2 —b+ns(TFJ)+G (b(29) +£(29)) cos(@)
2

T _ P i e

hy = 5 b+ns<rq:2> G'Ji(2g)cos2¢
2

Fe = 2 _ N.ig

hy = 5 b—l—ns<r$3)—|—GJ2(2q)cos3¢

Resonances



Initial map

Résonances | Rt Pl bl
< i DTI 0=73.214°

supplémentaires

100

S
Demi-grand axe moyen [km]

-100

- . 120
-100  -50 0 50 100 150 200 12345
Angle résonant [degré] |Période| [an]

FIGURE 3.14  Graphique central : carte de Iindicateur du taux de diffusion (DTT) de la fréquence principale de I'angle
oc=\A—fen foncl,\ou de la condition initiale en demi-grand axe moyen et en angle résonant. Le modéle de force contient
les har S lices aux coefficients Cyo, Ca et Sy ainsi que la pression de radiation (A/m = 10 m?/kg).
Graphique de droite : évolution de la période fondamentale de Pangle o en fonetion du demi-grand axe moyen initial pour
un ensemble d’orbites dont Iangle résonant initial oo = 73.214°. Panneau de gauche : identification des résonances de type
ko:js pour k € {1,2,3} et j € {1,2}. N.B. : Un demi-grand axe égal a 0 correspond a 42164.140 km.
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Initial map

Demi-grand axe moyen [km]

o c3
20 40 60 80 100 120 140
Angle résonant o [degré]
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Secondary resonances

Circulation cases
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Secondary resonances

Libration case

Fig. 4 Libration case: The
period T (in years) calculated by
a numerical integration of the
pendulum differential equations
(dots) and through the analytical

2
expressions (/ines), as functions ] q
3 e o o
of € in the libration zone; € is an >
angle measured from the g
separatrix 3
.2 -
- e
O 4+
=¥ I
N+++++**N
3l T, -
2 L L L L L L

0o 01 02 03 04 05 06 07 08 09 1




3:1 secondary resonance

hs = b cose(J) — 2G' k? g cos (3 — 1) + ng A
A is the momentum conjugated to 7.

3¢ = 3¢ — n, ® being always conjugated to J

a new momentum ' = A + § conjugated to 7 :
hs = b cose(J) — %5 J — 2G' k? q cos 3o

ng I has been dropped.

% = 0: ¢(J) corresponding to the resonance 3 : 1

Resonances



Equation defining ¢(J)

Oe Ns ™ \/B L . . €
—b smem 3 or SK(K) 3 with kfcos2.
@ The three equilibrium islands : ® = 2%, ¢ = 7 and ¢ = 3F

oy=0- s —¢o 1

@ The three values of ¢ are then 60.26° 180.26° and 300.26°

@ Measured from the vertical positive axis on which
v =r=0°.

Resonances



Initial map

Demi-grand axe moyen [km]

o c3
20 40 60 80 100 120 140
Angle résonant o [degré]
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Long term evolution

Libration cases

Fig. 8 Evolution of the resonant 350
angle 2(I — 0) + As. The used 325
model is the numerical model of o 300
Fig. 2, involving a long ES
supplementary period of 3 0
150 years. The initial conditions ¢ 2%
are the same of the Fig. 2 with S s
M =199.8° 2 150

£ 125

& 100

c 75

; ; N ol
0 10 20 3 40 50 60 7 80 90 100 110 120 130 140 150
Time [Years]




The Earth umbra

Debris orbit

Shadow
entrance-.
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The shadow equation

Simple geometrical problem : cylinder " ellipse

cylinder : axis in the Sun direction
ellipse : debris orbit

solf) = 0 4 y/r2— 2

o]

0 inside Earth’s shadows

<
> 0 outside Earth’s shadows
= 0 entry and exit

4th degree polynomial in tan g solved by Cardan formula

E; entry eccentric anomaly = E¢(a, e,i,w,Q,Ts)
E, exit eccentric anomaly = Ex(a, e, i,w,Q,Tg)

Resonances



The toy model with shadow

24— _LQ N C: P, % rre cos(¢) outside Earth’s shadows
212 0 inside Earth’s shadows
¢ the angle betweenrandrg,, L=.,/ua

fo)

) r@/:ao.

e A N C-P-Aa(ué+vn) outside Earth's shadows
o212 o inside Earth’s shadows

Debris orbital motion: u=cosE—e and v =sinE m.
Debris orbit orientation and Sun orbital motion :

§ = &1+ TIop+8 703
n = mrlfogtmnlfo2tmnres
131

&3

cosQ cosw — sinQ cosi sinw
sinQ cosw +cosQ cosi sinw
sini sinw

Uil
2
3

—cosQ sinw — sinQ cosi cosw
—sinQ sinw 4 cosQ cosi cosw
sini cos w

Resonances



Averaging over the short periods : 1 day with shadow

Periods : 1 day (Orbital motion E) and 1 year (Sun 7, ;)
Averaging over the fast variable (M the mean anomaly) :

. 1 27
H = — H dM
27T 0
_
2l
1 A M, 2w
+ Z—C,P,—a / (uE+vn)dM + (u&+vn)dm
i m 0 Mo

dM=(1—-ecosE)dE, Mi1=E —esinE, M2=E,—esinkE,.
Aksnes 1976
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The averaged Hamiltonian with shadow

— 2 3 AL _ 1 AL
- 720(47,23,77,——,aj,fi,?c))'+'§Z1(Z:,Z§,77,——,ZU,?E,?())
= H(D=0)+H¢(D)
L 2 S . D 3_

A = 2(1+e)cos§ sm2+2eD+§ cos S sin D
B = \/1—52(—2sini23sinnggsinSsinD)

S Ei+ E

D == E2 - E1 == D(Zéﬁ - (Z’,ﬁ,?(.;)
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The perturbed problem : with the shadows

7{ = 7{([v FJ,CD?‘X7IJ7C7) = 7{ = §Z(Z:,?5,Zj,-—,ij,2j)
At first order :

: = OH OH
<P>=PFP = o —<8—p>
Che_ B - on <87-L>
p==Fr = 5B oP
- = OH OH
<Q>=Q = g —<a—q>
CHs_F - on <87-L>
=9 = 55 ° oQ

but not for L or a.

Resonances



Very long periodic motion of the semi-major axis

OH 1 (%" 9N

<L> = <8W>:Z A a—MdM
1| 5o 2T oM
= — - 1— E) dE
o [/0 M (1 —ecosE) dE + i M( ecosE) d

1 _[= S - D
J— _ - 1 — ™ _ 2 e H
= = C: P a{g sin 2 nV1—@ cosz] sin

. 2 A [- S — S D
_z3/2 & i T =2 © T
<a>=a \/» Cr Pr |:€ Sin 5 nv 1 e< COos 2:| Sin 5
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Synchronism between a and E, — E;

A/m = 25 m? /kg - period ~ 1200 years - Aa ~ 600 km

Semi-major axis [km]

4.15
0 2000 4000 6000 8000 10000
Time [yr]
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Very long period decreasing with the coefficient A/m

Period [years]

20
a, [kml Am [m2kg]
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Comparisons

Coefficient A/m = 5 m?/kg - period ~ 13000 years

Numerical integration of the simplified system with shadow / without shadow

—— Shadow
—— No shadow
L L
0 0.5 1 1.5 2 25
Time [1 o* yr]

Symplectic numerical integration with shadow / Simplified system with shadow

x10*

4.225

4.22

a [km]

4.215

Time [yr] c10°



Smooth Shadowing effects

so(f) = \/rP = B3+ B2 <0
switch on/off (numerically ?)

adapted averaging methods

in cylindrical umbra

1 0
Ve = E(1 + tanh(y s¢(F))) =~ { 1 otherwise

Penumbra/umbra function for the conical case (vp) with 2
parameters
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Gamma parameter
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Cone

R R
a:atan and (= atan——— ®+ D)

with Rg the radius of the Sun. Extending relation (3.7), it follows that space

debris are in the umbra cone when
[\/7'2 — R% cos? a + Rg sin a] <0

Fo R
su(f) = —2

and in the penumbra cone when

sp(F) == T;ﬂ-kcosﬂ [“7_2 —Récosz,é’—R@sinﬁ] <0.
®
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I Sunlight
Penumbra

[JUmbra
s

u

Characterizing function s

.935 0.94 0.945 0.95
Time [days]

FIGURE 3.4 ¢ Evolution of the functions s., s, and s, during a shadow crossing
on a tationary orbit. The bra and umbra cones are crossed respectively
when s, is negative and s, is negative. The time spent in the penumbra transition
is noted At and the difference between s, and s, at the entrance of the cylindrical
shadow is denoted by Ah.

esonances



Smooth Shadowing effects

1

- I Sunlight
0.9 R Penumbra
: [ JUmbra
I v

0.8

c
0.7
0.6
0.5

0.4

Shadow function v

0.3

0.2

0.1

0 E K =
0.935 0.94 0.945 0.95 0.955
Time [days]

vy proposed by Montenbruck and Ghill (2005)




MEGNO

@ Earth + J> + Joo + Moon +
Sun + SRP

@ A/m=5n?/kg

@ shadowing effects
@ Cylindrical or conical
@ Chaotic motion




Symplectic : Introduction

@ Solar system or extrasolar systems : symplectic integrators
for long integration

@ SyMBA (Duncan et al., 1998)

@ Artificial satellites : short mission times : classical
numerical integration (RK4 to ABM10)

@ Resonant motion : presence of a slow angle

@ Space debris : presence for thousands of years

@ Symplecticity

@ CM : Yoshida (1990) or Laskar and Robutel (2001)

Resonances



Symplectic integrator
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Symplectic integrator for space debris : Hubaux

Two separate parts in the Hamiltonian : A and B : 1/2 step with one, 1 step with the
second, 1/2 step with one.

Most classical : SABA, SBAB (Laskar and Robutel)

Time dependent perturbation - 500 years - ephemerides Sun

Different orders : 2, 4, 6, 8

H(V,A\, 7, 0) = +Hgeo (T, 0) + Hap(T,0) + Hsgrp(T,0) = +B(r,0)

—&— SABA2

Relative error in energy
CPU time [sec]

1 0 Ti te h
Timestep [hour] imestep [hour]
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Symplectic integrator

H(p,q) = A(p.q) + B(p,q) Yoshida 1990
®=A+B+O(1*) S4, Se

H(p,a) = A(p,q) + € B(p,q) Laskar and Robutel 2001
O®=A+eB+0(12n € + T2 €2) SABA4, SABAs, SABAs, SABA1o

Resonances



Symplectic integrator

SABAzn (T)

1mlagdiTlep  penTLa gdnTLlep pCni1TLa gdnTLep penTla  odiTLep pe17Lla

€ €

SABA2"+1 (T)

eclTLAeleLsBmeCn+17'LAedn+17'LsBeCn+17'LA._'eleLsBeclTLA

SBAB,,, (1)

eleLsB caTLa ed2TLsB “.ec'n,+17LA edn,+1TLsB eﬁn+1TLA medzTLgB eC2TLA edl TLep

€

SBAB2n+1 (T)

eleLsB eC2TLA ”_edn+17'LeB ecn+27'LAedn+17'LaB _”eczTLA edl TL:p

Laskar & Robutel, CeMDA, 2001
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Symplectic integrator

SABA2 (7_) — ecﬂ'LAeleLgB eCQTLA eleLaBeCITLA

H(p, q) = A(D) +eB(J).
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Symplectic integrator

Compared with a test symplectic integrator of ESOC : LTOP

)
2657710

T 26563
= 2.6556|

6.28: T T T T T T T T
g 4.18881 9
o 20044 8

1 . L L h L L . L
0.000 0 20 40 60 80 100 120 140 160 180

6. T T T y T T T T
g 41886 4

3 20044

0.0001 . . . . . f . .
0 20 40 60 80 _ 100 120 140 160 180
Time [yr]




Symplectic integrator

Compared to the classical NIMASTEP integrator
ABM 10 Adams - Bashforth - Moulton
Stepsize for SABA, : 4 hours = 14400 sec

T oote7f-
£

ATV

‘l
Z oo0sy ) mmHHI‘

ol " i i
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Symplectic integrator

Compared to a real motion for 10 years

x 10

1992 1994 1996 1998 2000 2002
1560412
12513} ‘
09422} ‘
063317 002 1994 1996 1998 2000 2002

i[rad]

1992 1994 1996 1998 2000 2002

6.283 v
g 4.18881
o 2.0945
0.000: .
7 1992 1994 1996 1998 2000 2002

o [rad]

2000 2002

L L L L
1992 1994 1996 1998
Time [yr]




Conclusions

@ Symplectic integrators : powerful tool
@ More complex to program
@ Long stepsizes, long fiable integrations

@ Balance between time and objectives (not necessary for 3
years space missions)

@ Also used for MEGNO : variational equations
@ Smooth functions to avoid the switches
@ Slowly and quasi-periodically dependent on time
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Conclusions

@ Symplectic integrators : powerful tool
@ More complex to program
@ Long stepsizes, long fiable integrations

@ Balance between time and objectives (not necessary for 3
years space missions)

@ Also used for MEGNO : variational equations
@ Smooth functions to avoid the switches
@ Slowly and quasi-periodically dependent on time

Thanks for your welcome and attention !
Do not hesitate to contact me.
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