MALLORCA LECTURES

ANTHONY QUAS

1. MEASURE-PRESERVING TRANSFORMATIONS

Throughout these notes, we will be talking about dynamical systems
on probability spaces. That is: there will be a space X, a g-algebra, B
and a probability measure p defined on B.

[In case this is unfamiliar, these objects behave very intuitively: a
typical example is p is ‘length measure’ on [0,1]. p satisfies some
natural-sounding properties like u(A U B) = pu(A) + u(B) provided A
and B are disjoint; the role of the g-algebra is that one gets into trouble
if one tries to define the measure of every set. Instead, a measure is
defined on a large sub-collection of sets (the measurable sets). Unless
you are a descriptive set theorist, every set you can think of will be
measurable. |

Given a [measurable] map T', we say the measure y is invariant under
T (or “T preserves u”; or “u is an invariant measure for 77 or “u is
T-invariant” or “T" is a measure-preserving transformation of (X, u)”)
if W(T71A) = p(A) for all A € B. On the face of it, this is hard to
check because there are lots of measurable sets. However it suffices
to check the invariance condition for nice sets A. Formally, one needs
to check the invariance condition for all A belonging to a generating
semi-algebra of B. (A semi-algebra is a non-empty collection S of sets
that is closed under finite intersections, and such that the complement
of an element of S is a finite union of elements of S. A semi-algebra is
generating if the smallest g-algebra containing S is B. This condition
is often easy to check in the common case where B is the Borel o-
algebra. An algebra is a semi-algebra that is also closed under taking
finite unions.)

The following Lemma is very useful for checking that a measure is
invariant:

Lemma 1. Let T be a measurable map from a probability space (X, B, )
to itself. If S is a generating semi-algebra and u(T—1A) = u(A) for
each A in S, then p is invariant under T'.

1.1. Examples and applications.
1
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(1) The doubling map is the map T of X = [0,1) equipped with
Lebesgue measure Leb, defined by T'(xz) = 22 mod 1. Here one
may take the semi-algebra to be the collection of half open
intervals: S = {[a,b): 0 < a <b < 1}. Tt is easy to check that
Leb is invariant under 7. The same is true for z — kx mod 1
for any £k =2,3,....

(2) (Doubling map again) Notice that + — 2 — 2 — 2 —
is a periodic orbit under 7' of period 4. The measure pu
}1(5% + 02 +0s + 5%) is T-invariant. So is v = Jp and so is
(u+v).

The doubling map, not surprisingly, can be used to obtain information
about the base 2 expansion of a point, and similarly x — kx mod 1
yields information about the base k expansion. Our next measure-
preserving transformation gives information about the continued frac-
tion expansion of a point. The continued fraction expansion of a point
gives important information about Diophantine approximation: how
closely can the point be approximated by rationals?

(3) (Gauss transformation): Let T be the map [0,1) — [0,1) de-
fined by T'(z) = frac(1/x). Then T preserves the probability
measure u given by pu(A) = 1022 A 1% dzx.

(4) (Circle rotation): Let a € [0,1) and let T': [0,1) — [0,1) be
defined by T'(z) = # + amod 1. Then 7" preserves Lebesgue
measure.

[SAIFN

1
5

If fipre is a set function defined on an algebra that is additive (fippe( AU
B) = fipre(A) + pipre(B) for any two disjoint elements of A), and fipre
has the additional property that A; D Ay O ... and (A4, = 0 imply
fore(An) — 0, then pi,e may be uniquely extended to a measure p on
B. If pipre satisfies pipre(T 1 A) = ppre(A), then p is T-invariant.

(5) (Coin tossing) The next measure-preserving transformation comes
from probability. Imagine a (possibly biased) coin with proba-
bility of heads given by p. The space, €2, is the set of bi-infinite
sequences of 1’s and 0’s (with 1 representing heads and 0 repre-
senting tails). For w € Q, we write w = ... w_sw_1 - WowiWs . . ..
The coordinate w; represents the outcome of the coin-toss at
time <.

A cylinder set is a set of the form [z]° = {w € Q: w, =
Tay ..., wp = Ty} (these sets are compact clopen sets forming a
basis for the product topology). We set A to be the algebra of
finite unions of cylinder sets. Setting pg = 1 — p and p; = p,
we define pipe([2]2) = pu, - - ps,.- By the above, this may be
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extended to a measure p on 2. We then define a transformation
T by T(w)n = wpy1- That is: the sequence is moved to the left
by one place. This is the shift transformation. The measure
Hpre 18 invariant: for each element of the generating algebra, it’s
easy to check that fipe(C) = ppe(T1C) for each C' € S, so
that fipe extends to a T-invariant measure.

(6) (Geodesic flow) If M is a smooth compact Riemannian manifold
and T7 M is its unit tangent space, then there is a natural ‘time
one’ map on 11 M, “following the geodesic in the given direction
for one unit of time”. This map preserves Liouville measure on
the unit tangent bundle.

(7) (Percolation) This one is a bit different. In the situation de-
scribed above, the semi-group Ny acts on X by n -z := T"(x);
or if T' is invertible, Z acts on X. This can be generalized to
actions of other groups.

The space is Q = {0,1}**. You should the think of this as
the space of configurations of 0’s and 1’s on the integer lattice.
Suppose that each site has a 1 with probability p independently
of all of the others as in Example (5). This gives a measure [P on
Q. The group Z? naturally acts on w by (T®w), = wnyx, that
is, T* shifts the configuration by the vector —k. Essentially
the same proof as previously shows that the group Z? acts on
Q) in a measure-preserving way, that is: for each k € Z2, P is
T*-invariant.

(8) (Continuous map on a compact space) If X is a compact Haus-
dorff space and T is a continuous transformation, it is known
that there is always at least one invariant measure on X. The
proof uses the compactness of M;(X), the set of Borel prob-
ability measures on X. Fix any z € X, and define u, =
L0, 4 ... + Opa—1,). Any weak*-limit of this sequence is an
invariant measure.

(9) (Szemerédi’s theorem) This is a famous theorem in ‘additive
combinatorics’: if S is a subset of N, its (upper) density is
p(S) =limsupy_, #(SN{1,...,N})/N. Szemerédi’s theorem
states that if p(S) > 0, then for each k € N, S contains an
arithmetic progression of length k. Furstenberg gave a second
proof of this theorem using ergodic theory.

Defining a point z in Q = {0,1} by 2, = 1 if n € S and 0
otherwise. One can then use the shift map and the compact-
ness argument above to obtain a shift-invariant measure on €2
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as above. Furstenberg’s proof is based on establishing general
properties of all shift-invariant measures on €.
. 2 1 .
(10) (Toral automorphisms) The map (5 ad P 9;) mod 1 is
a diffeomorphism from the torus to itself. Since the determinant

is 1, it preserves Lebesgue measure on the torus.

(11) (Anosov diffeomorphisms) The map <z) s <§ }) (x) N

Y
(0.01 sin(27(z + y))
0
(8), there is at least one invariant measure. (In fact there are
many such measures and it becomes important to pick a ‘good
one’). More on this later...
(12) (Skew product) If o is a measure-preserving transformation of
(Q,P) and for each w, T, is a map from a space X to itself,
then the skew product is the map

T(w,z) = (ow, T, (x)).
[terating this, one can see that T?(w, z) = (0*w, T,,T,,(z)) and
more generally
T"(w,z) = (0"w, Tyn-1,0...0T,(x)).

Skew products can be used to model random dynamical sys-
tems. For example suppose = {0,1}Z and o is the shift
transformation and Ty and 77 are two maps from a space X to
itself. Then define T, = T} if wg = 1 and Ty if wg = 0. Now the
sequence of 0’s and 1’s gives the sequence of T”s to apply to x.

> mod 1 also maps the torus to itself. By

Theorem 2 (Poincaré recurrence theorem). Let T be a measure-preserving
transformation of a probability space. Then for all A with pu(A) > 0,
and for p-almost every x € A, x wvisits A infinitely often.

Proof. Let Ajasy = AN(),»; T "A°, be the set of points that are in A,
but will never visit again. Now if m < n, we have T~ A NT " Ajast. =
T_m(Alast N T_(n_m)Alast>7 but by deﬁnition; Alast N T_(n_m)Alast is the
empty set. Hence the sets T " A}, are pairwise disjoint, and of equal
measure (by the measure-preserving property). Since they sum to at
most 1, they must all have measure 0. Hence A}, is of measure 0 and
so (by countable additivity of measures) is Agpite = (U597~ " Alast, the
set of points that make finitely many visits to A. - O

Corollary 3. Suppose that the differential equation © = f(x) has

a Lyapunov function ¢: ¢(xg) = 0 and ¢(x) > 0 for all x # zp;
Lo(x(t)) = (Vo, f) < 0 whenever z(t) # xo.
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Then the only invariant probability measure is a d-measure supported
at the attracting fixed point.

2. ErcobDICcITY AND ERGODIC THEOREMS

Notice that the Poincaré recurrence theorem says that the system
will return to near where it is now.

The Boltzmann ergodic hypothesis says that the system will hit every
possible state. This is fairly obviously false for discrete time dynamical
systems (and is equally false even for simple continuous time systems).
The Ehrenfests formulated a quasi-ergodic hypothesis, requiring that
almost every orbit should be dense in the phase space. The ergodic
theorem of von Neumann and subsequently Birkhoff were attempts to
correctly formalize and demonstrate this.

2.1. Ergodic Theorems.

Theorem 4 (von Neumann mean ergodic theorem). Let T be a measure
preserving transformation of a probability space (X, ). Then for f €
L2(p), define Apf = 2(f + foT + ...+ foT™ ). Then (A.f) is a
convergent sequence in L*(11).

It is not hard to show that the limit of A, f is a T-invariant function
(that is a function satisfying go T = g).

Very shortly afterwards, Birkhoff established an extremely useful
pointwise ergodic theorem:

Theorem 5 (Birkhoff pointwise ergodic theorem). Let T' be a measure-
preserving transformation of a probability space (X, ). Then for f €
LY (), for p-a.e. x, (A, f(z)) is a convergent sequence.

Again, one can show that if f(a:) = lim,, o A, f(2), then f(:t) is a
T-invariant function.

2.2. Ergodicity. Here is a critical definition: suppose 7' is a measur-
able transformation of X and p is an invariant measure. Then p is
ergodic if for each T-invariant subset A of X, (i.e. T71A = A), u(A)
is 0 or 1.

Lemma 6. Let T' be a measure-preserving transformation of (X, u).
Then the following are equivalent:
(a) T is ergodic;
(b) If f is an invariant measurable function (i.e. foT = f) then
f is constant on a set of full measure.
(c) If f is an invariant L? function, then f is constant on a set of
full measure.
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This lemma allows us to show ergodicity of many examples (including
examples (1), (4) — provided « is irrational — and (10)). In fact, one
can show that in most natural cases that invariant measures can always
be described as a combination of ergodic invariant measures (“ergodic
decomposition”). In these cases, when proving theorems, it is often
sufficient to prove things only for ergodic measures. The measures
1 and v in Example (2) are ergodic, but 3(p + v) is not — see the
exercises for more on this; The measure p in Example (3) is ergodic.
Under some geometric conditions on the manifold (such as negative
curvature), example (6) is also ergodic.

Corollary 7. Let T be an ergodic measure-preserving transformation
of (X,p). Then for all f € LY(X), for p-a.e. z,

%(f(a:) .+ (T ) = /fdu-

Or the slogan version:

For ergodic systems, time averages and space averages
coincide.

Corollary 8. Let T be an ergodic measure-preserving transformation
of (X, ). Then for all A € B, for p-a.e. x,

%#{j €[0,n): TV(z) € A} — u(A).

2.3. Example: Normal numbers. Recall that in Example (1), Lebesgue
measure is invariant and ergodic. Notice also that if x has binary ex-
pansion 0.z¢z1 s . . ., then T'(x) has binary expansion 0.z1z5 . ... In par-
ticular, the nth digit of the binary expansion of z is 1 if 7"(z) € [1,1)
and 0 if T"(z) € [0, 3).

Since T'is ergodic, Corollary 8 implies that for Leb-a.e. x, the limiting
proportion of 1’s in the binary expansion of z is Leb([5,1)) = 3 and
hence the proportion of 0’s is % also. There is nothing special about
doubling here: analogous conclusions about base k expansions (for k >
1) follow from studying the multiplication by k& map, = — kz mod 1.
If Sk denotes the subset of [0,1) whose base k expansion has each
possible digit occurring with equal frequency, we have Leb(Sy) = 1 for
each £ > 1 and hence Leb((,., Sx) = 1. These numbers have the
property that they have equal digit frequencies in all bases, and they
are called absolutely normal. We just established that the absolutely
normal numbers have Lebesgue measure 1, but not a single example of
a normal number is known!

Example (2) gave additional examples of invariant measures for the

doubling map. For example Corollary 8, we deduce that for v-a.e.
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x, the proportion of 1’s in the binary expansion of x is 0. How can
this be squared with for Leb-a.e. x, the proportion of 1’s in the binary
expansion of x is %? (because Leb and v ‘live on’ disjoint subsets of
[0,1]).

The conclusions of the ergodic theorem are only as good
as the invariant measure that one applies it to.

To get useful conclusions, one would like to have ergodic invariant
measures that are spread out as much as possible over [0,1] (like Leb).
If Leb is not invariant, all may not be lost: we can look for absolutely
continuous ergodic invariant measures (such as p in Example (3)).

2.4. Example: Continued fractions. Recall that each irrational
number z € [0, 1) has a unique continued fraction expansion:

1
xr =
1
Qo + 1
@+ ————
az + PPN
where ag, aj, ... are natural numbers. The map 7" in Example (3) may
be used to compute the a’s: Notice that
1
T(z) =
(«) :
a; + 1
az + ———
a3 + e

From this, we see a, = [1/T"(z)]. In particular, the nth term of the
continued fraction expansion of = is 1 if and only if 7"z € (%, 1). Since
1 is ergodic, the proportion of 1’s in the continued fraction expansion
of a.e. = is @fll/z H%da: = log %/log 2. The proportion of n such
that a, = a,+1 = 1 may also be found: this happens when 7" (z) €
(3,1) and T"*'(z) € (3,1), which happens when T"(z) € (3, 2). The
measure of this set is log ¥ /log2, so that for p-a.e. z € (0,1), the
proportion of 1’s in its continued fraction expansion is log ‘3" /log2 and
the proportion of two consecutive 1’s in its continued fraction expansion
is log % /log2. Since the ratio between p and Lebesgue measure is
bounded above and below, the same holds for Lebesgue-a.e. x in (0, 1).

Continued fraction digit sequences are not independent:
the probability of having two consecutive 1’s is not the
square of the probability of having a 1.
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2.5. Example: percolation. Consider X = {0, 1}Z2 equipped with
the measure p, where each coordinate is 1 with probability p and 0
with probability 1 — p. Here p, is invariant under the group of trans-
formations (Ty)xezz where Ty translates a configuration x through the
vector —k (so that the symbol at the origin of Tyx was the symbol at
k in x). By an argument similar to exercise (8), the measure p, is er-
godic under the group (7} )kezz (that is, the only sets that are invariant
under the group of transformations are of measure 0 or 1). A version
of Lemma 6 still applies in this context.

If x € X, let B, be the set of coordinates with a 1. If m and n
are two elements of B,, we say they are connected if there is a path
joining m to n staying in B, moving by +e; and +e, at each step. The
clusters in B, are the connected components. We define f(x) to be the
number of infinite clusters in z. Clearly f(Txz) = f(z) as translating
the configuration does not alter the number of infinite clusters. Hence
f takes on a constant value for j,-almost x € X. Important: the
values might differ for different p’s as the ;, are supported on
different sets. Call the value N(p), so that f(x) = N(p) for p,-a.c.
x.

A very nice argument (which applies much more generally than the
2-dimensional case here) shows that N(p) can only be 0, 1, or co; and
a really beautiful argument of Burton and Keane shows that N (p) can
only be 0 or 1. See the exercises for more on this.

3. PERRON-FROBENIUS OPERATORS

In some dynamical systems, there are obvious invariant measures. In
others, such as the Gauss transformation, finding an invariant measure
is non-obvious. In fact, it is unclear how Gauss discovered the invariant
measure in Example (3).

3.1. Absolutely continuous invariant measures. In this section,
we will discuss a technique for finding and studying absolutely contin-
wous invariant measures. This generally refers to invariant measures
that are absolutely continuous with respect to Leb (possibly in higher
dimensions), that is measures y such that p(A) = [, h(x) dLeb(x). The

function A is called the density. It’s sometimes written dﬁ’éb.
Given any measure (not necessarily invariant), one may build a new
measure, the push-forward of u under T, Typ = po T~ Recall, a
measure is invariant if 4 = g o T1, so that it is fixed under the push-
forward operation.
We now find a formula for z o 77! in the case that i is absolutely

continuous with respect to Leb, and T is a differentiable (or piecewise
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monotone, piecewise differentiable) map of the interval or the circle
with 7"(z) # 0 for almost all z. Suppose that 7" has monotone intervals
I, ..., Iy and write T; = T|;,. Finally, let du(z) = h(z)dLeb(z).

If J is an interval, then

W) = [ hie)duto

k

:Z/ h(Tz__ly) dy

=1 JT(I)nJ T'(T; 1y)|

-1

h(T; y)
/Z 7 |T'T y>|d

€T~y

where we made the substitution y = 7'(x) in the third line. That is,
T, is absolutely continuous with respect to Lebesgue measure with
density given by L£(h) where

L) = >

rzeT 1y

h(z)
T ()]
Notice that £ maps positive functions to positive functions and [ L(h) d\ =

w(T71) = p(I) = [ hd), so that £ maps L'(I) to itself and is an op-
erator of norm 1.

If w=h-Leb, then uoT~' = L(h) - Leb.

This is the Perron-Frobenius operator. In a picture, £ acts like:

[ |
T Tz

Above, we showed [1;(T(x))h(z)dzr = [1;(x)L(h)(x)dz. It fol-
lows that for all f € L' and h € L,

/ F(e)ho T(x) d = / C(P) () (1) (x) de
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Notice that £(h) = h if and only if ;1 = h - Leb is an invariant mea-
sure. Since ||£]|z1 21 = 1 and we are looking for an eigenfunction with
eigenvalue 1, this suggests we might be able to use spectral methods.

We will use a crude argument of this type to show that Lebesgue
measure on [0, 1) is ergodic for the doubling map.

Theorem 9. Leb is an ergodic invariant measure for the doubling map.

Proof. We have already established that Leb is an invariant measure.
It remains to prove the ergodicity. Notice that for the doubling map

L(f)(x) =2(f(%)+f(%EL)) We can then check L7 f(z) = 5 2l (et

AL =0 on
Suppose, for a contradiction, that Leb is not ergodic. Then there is

an invariant set A of Lebesgue measure between 0 and 1. It follows
that h - Leb is an invariant measure, where h = 1,/Leb(A) (see the
exercises). Since h is the density of an absolutely continuous invariant
measure, L(h) = h. Now since continuous functions on [0,1) are dense
in L', there exists, for any ¢ > 0, a continuous function f on the circle
such that || f — h|l; < e. Since f is continuous on a compact space, it is
uniformly continuous: there exists a function ¢(d) such that ¢(6) — 0
as 0 — 0 and if |z —y| <9, |f(z) — f(y)| < q(5). Since L is of norm 1,
we have ||[L"f — h|; = ||£"f — L™h|| < € for all n.
But on the other hand for any z,y,

2" —1

n n 1 z+i i -n
£ f (@) = £1F )| = |57 D (F(5) = F(ED)| < a2,
i=0
so that £"f is within ¢(27") of a constant function. It follows that
h may be arbitrarily closely approximated by a constant function, so

that h is a constant, providing the contradiction. O

3.2. Interlude: Markov Chain refresher. Recall: a (finite state
discrete time) Markov chain is defined by a set of states S (here la-
beled 1,...,k), an initial distribution p, and a stochastic (i.e. with
non-negative entries and each row summing to 1) transition matrix P
satisfying P(Xy = i) = p; for each i and
]P(Xn = j|Xn—1 = ia Xn—Q - Z.n—27 s aXO = ZO)
=P(X, = j|Xn-1 =) =P
The Markov chain is said to be irreducible if for each i and j, there
exists an n > 0 such that Pj; > 0. It is aperiodic if d := ged({n: P} >
0 for some i}) = 1. (If d > 1, then S can be partitioned into d subsets,

S1, Sa,..., 54 such that from a state in .5;, the only possible transitions
are to states in S;y1). If the Markov chain is aperiodic and irreducible,

).
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then the matrix P is primitive: that is there exists an ng such that for
all n > ng, P™ has all strictly positive entries.

The matrix P governs the evolution of densities: if the probability
distribution of X, is given by p, (that is P(X,, = i) = (p,):), then
Pni1 = ppP. A stationary distribution for the Markov chain is a vector
7 such that 7P = 7.

Theorem 10. Consider an aperiodic irreducible Markov chain. Then
there is a unique stationary distribution, w. Further, for any initial
distribution p, pP"™ — .

This theorem has many proofs, but one nice way to see it is using the
Perron-Frobenius theorem for matrices: If P is a primitive non-negative
matrix, then there exists a simple positive real eigenvalue \; such that
all other eigenvalues have strictly smaller absolute value. Correspond-
ing to Ay, there is a a left eigenvector v with all positive entries. In
the Markov chain case, Ay = 1 and one can show by expanding p with
respect to the (possibly generalized) eigenvectors that pP" — 7 decays
at an exponential rate of at worst polynomial times |A\o|", where A, is
the eigenvalue with second largest absolute value.

We now suppose that the Markov chain is started in its stationary
distribution (that is p = ) and consider the correlation between the
state at time 0 and the state at time n.

More specifically, we will compute P(Xy = ag, ..., X, = a, and X,, =
bo,. .. aXn-l—s = bs) — ]P(XO = ag, ... ;Xr = ar)IP’(Xn = bo,. .. ,Xn+3 =
bs). This is given by

TaoPagar -+ Par—lav-PcZ«;ngObl R

- ﬂ-(lOPCLOCLl T ParflaTﬂ-bOPbObl T Pbsflbs
_ n—r
_ﬂ-aopaoal T Parflar(P - 71-bo)Pbobl T Pb

arbo s—1bs+

In particular, the correlation decays at worst at an exponential rate
| A2|™ (possibly multiplied by a polynomial factor).

3.3. Decay of correlation. The heart of Theorem 9 was to find a
Banach space that was a dense subspace of L' where everything con-
verges nicely to the invariant density. By approximation, it follows
that for every f in L', L™ f approaches a constant. Might we hope for
exponential convergence like for Markov chains?

Answer: not in L' (or C([0,1))). To see this, notice that h(z) =
cos(2mx) lies in the kernel of £ and L(g o T) = g for any g. Now
for any summable sequence (ay), f =1+ Y, aph o T* lies in L', but
ﬁnf =14+ Zk>n Clkh le) Tk—n'
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In particular, by taking (ax) to be the sequence of powers of % inter-
spersed by large blocks of 0, then £"f can be made to converge to the
limit, 1, arbitrarily slowly.

A beautiful idea due to Doeblin and Fortet, refined by Ionescu and
Marinescu-Tulcea; then Lasota and Yorke and many others gives us
this exponential convergence.

A bounded linear operator £ on a Banach space is called quasi-
compact if its essential spectral radius is strictly smaller than its spec-
tral radius (its spectral radius is p(£) = lim,_,« ||[£"]|"/™ and its essen-
tial spectral radius is pess(£) = limy, oo (infx || £" — K||)1/n, where the
infimum is taken over all of the compact operators).

This implies that for any r > pess(L), £ has finitely many eigenvalues
with absolute value greater than r, each with finite multiplicity.

Theorem 11. (Lasota—Yorke) Let T' be a piecewise map from [0,1] to
itself, with finitely many branches and each branch being monotonic,
expanding and C?. Then the restriction of Lr to BV[0,1] is quasi-
compact. Further if the branches of T map onto [0, 1], then 1 is a simple
ergenvalue; all other eigenvalues lie strictly inside the unit circle.

Although this theorem does not directly apply to example 7?7 (as
that example has infinitely many branches), there exist extensions of
that theorem that do cover this example.

Corollary 12 (Exponential decay of correlations). Let T' be as in the
statement of Theorem 11 with onto branches and suppose that in ad-
dition Leb is T-invariant. Then there exists r < 1 such that for all
fe€BVandge L,

/f.goT"dLeb—/deeb/gdLeb:c)(pozyxAg),

4. SUB-ADDITIVE ERGODIC THEOREMS

Kingman (in 1968, following earlier work of Hammersley and Welsh)
proved the Sub-Additive Ergodic Theorem.

If 0: ¥ — ¥ is a measure-preserving transformation (of a probability
space), a sequence of functions (f,,),>1 is sub-additive (with respect to
o) if

fn-i—m(w) S fn(w) + fm(gnw)'
Examples of sequences of functions satisfying this condition?

(1) (Fekete’s lemma) Let (a,) be a sequence of real numbers such
that a,im < a, + a,,. (Here the functions (f,,) are constant
functions(!)). Then @k < may + a,, so that limsupa,/n <
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ai/k for each k. Now limsup a,,/n < infy ar/k < liminfa,/n <
limsup a,/n. Hence a,/n converges to a value a = inf ay/k €
[—00, 00).

(2) (Birkhoff averages) If f is an L' function on €, then f,(w) =
fw)+ ...+ f(c" 'w) is an additive sequence:

fn+m(w) = fn(w> + fm(anw)'

(3) (First passage percolation) Let £ denote the collection of edges
in the Z? lattice. Let v be a probability measure on (0, 00)
(with [z dv(z) < ).

Let © = (0,00)¢ be the collection of all weightings of £ and
equip X with the probability measure ¢ (so that in a realiza-
tion w € €2, each edge is assigned a weight from the distribution
v independently of all other edges). Define a Z? action, 7, on
() that translates the pattern of edge weightings through —v.

Now for v € Z?, define F, (w) to be the length of the shortest
path from 0 to v (where the length of a path is the sum of the
weights of the edges). Then

Fuiv(w) < Fy(w) + Fy(Ta(w)).

In particular, if v is any non-zero integer vector, then defining
o =1y and f,(w) = F,v(w), (f,.) is a sub-additive sequence for
the ergodic dynamical system o: (0,00)¢ — (0, 00)¢.

Hammersley and Welsh interpreted this as a ‘wetting time’:
a rock is modelled by Z2. ‘Water’ is in contact with the rock
at 0. The edge label determines the time it takes water to pass
from one vertex to its neighbour. They were interested in the
geometry of {v: F,(w) < T}.

(image due to Jéremie Bettinelli)
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(4) (Matrix products) If o: (2,P) — (2, P) is a measure-preserving
transformation, and A: (Q,P) — Myxq(R) is measurable, then
one can form the matriz cocycle:

AM (W) = A" 'w)--- A(w) for n € N and w € Q.
Notice that
AT () = A™ (67w) A™ (W) (the cocycle relation).
defining f,(w) = log ||A™(w)||, you obtain

frim(W) < fu(w) + fm(0"w)
(providing || - || satisfies | AB|| < ||A||||B]| (e.g. operator norm))

Theorem 13 (Kingman Sub-additive ergodic theorem, 1968). Leto: (Q2,P) —
(Q,P) be an ergodic measure-preserving transformation. Let (f,)n>1 be
a sub-additive sequence of integrable functions. Then

(1) lim, oo £ [ fr(w) P(w) converges to a constant ¢ € [—c0,00).

(2) For P-a.e. w € Q, Lf,(w) = c.

Theorem 14 (Furstenberg, Kesten, 1960). Let o: (0, P) — (Q,P) be
an ergodic measure-preserving transformation. Let A: Q — Mgyqa(R)
be a matriz-valued function with [log||A(w)|| dP(w) < co. Then

Llog||A(c" 'w) - A(Ww)|| = E for a.e. w,
where E =1lim,_,o = [log [|A(c"'w) - -+ A(w)|| dP(w).

The Birkhoff and Furstenberg—Kesten theorems are immediate corol-
laries of Kingman’s theorem (but were both proved earlier).

5. LYAPUNOV EXPONENTS AND THE MULTIPLICATIVE ERGODIC
THEOREM

IfT: I — I is a differentiable self-map of the interval, then the chain
rule gives (T")'(x) = T"(T" 'x) - T'(T" 2x) - - - T'(x). The nth root of
(T™)'(z) is a ‘geometric average stretching rate’ per step.

The Lyapunov exponent for the one-dimensional map, T at x is the
logarithm of the limit of these rates: A(T,z) = lim,_, + log |(T™)'(z)]
(if it exists). That is: the derivative of 7™ should be (logarithmically)
close to e™ (where ‘logarithmically close’ means between "~ and
"9 for large n.)

We have

n—1

. 1 / i
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the Birkhoff sum of log |T”| along the orbit.

In the particular case, I = [0,1] and T'(z) = 4z(1 — x), |T'|(x) =
4|1 — 2z|. T has an ergodic absolutely continuous invariant measure,
p with density 1/(my/z(1 — x)).

Now we can apply Birkhoff’s theorem (writing ¢(z) = log |T"(x)| =
log4 + log |1 — 2z|) to get

n—1

1 )
AT, z) = lim = (7"
(T,2) = lim — 0¢( x)

= [ o(t)du(t)
0
1
1 _
=log4 + og |1 — 21|
o t(l—t)
= log 2

for p-a.e. z €10, 1].

We therefore expect [7°°(0.3 4+ 1073%) — T°°(0.3)| to be of the order
of €. 10730 = 25010730 ~ 1.13 x 10715, In fact, |77°(0.3 + 10730) —
T59(0.3)] &~ 3.44 x 1071 (so the prediction was correct to one order of
magnitude).

A positive Lyapunov exponent is one of the (many and inequivalent)
definitions of ‘chaos’.

Now we’ll consider the case of a differentiable map, 7T, from a sub-
set of R? to itself (or a differentiable map from a manifold to itself).
Writing DT'(z) for the Jacobian matrix of 7" at , the Chain rule gives

DT"(x) = DT(T" 'z)--- DT(T(z)) - DT(z).

We'd like to make sense of how fast these matrices grow. We can
apply the Furstenberg-Kesten theorem as soon as we have an invariant
measure for 7.

On the other hand, if A is a single matrix ||A"v| grows at different
rates depending on the eigenvectors that make up v. This suggests we
might expect DT (x)v to grow at different rates for different subspaces
of RY.

In the case of Example (10), DT'(z) = A := (2 1) for every z. The
cigenvalues of A are \; := ¢? and Xy := ¢~2 where ¢ is the golden mean,
with eigenvectors vy := (‘f) and vy = (_1¢) respectively. Vectors in
the space over x spanned by v, are mapped to vectors in the space over
Tz also spanned by vy, scaled by A;. Similarly vectors in the subspace
spanned by vy are scaled by A\ and mapped to vectors spanned by vs.
The collection of subspaces in either direction (sub-vector bundles of
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the tangent space of T?) are called equivariant families of subspaces (or
the whole collection is an invariant sub-bundle). Note that any vector
that is mot in the vy direction has asymptotic expansion at rate \;.

In general, the matrix DT"(x) depends on z, so we might expect the
subspaces to depend on the point x.

Theorem 15 (Oseledets — non-invertible, 1965). Let o be an ergodic
measure-preserving transformation of (0, P). Let A: Q — Mgyxq(R) be
a matriz-valued function with [log ||A(w)|| dP(w) < oo. Then there
eritst Lyapunov exponents oo > Ay > ... > )\ > —oo; multiplicities
my,...,mg € N satisfying my + ... +my = d and a measurable family
of subspaces Fy(w), Fy(w), ... Fy(w) such that

(1) filtration: R? = F1(w) D Fh(w) D ... D Fr(w) D Fryi(w) =

{0};

(2) dimension: dim F;(w) = . my; for ae w

(3) equivariance: A(w)F;(w ) (a(w)) for a.e. w

(4) growth: If v € Fj(w) \ Fiz1(w) then < log ||A£,n)v|| — \; for a.e.

w, where AT = A(o" \w) -+ A(w).

The quantities \; are called Lyapunov exponents and the subspaces
F;(w) are the collection of vectors expanding at rate )\; or less.
The sequence of subspaces Fi(w) D Fa(w) D ... D Fj(w) is called a

flag.

Theorem 16 (Oseledets — invertible, 1965). Let o be an invertible er-
godic measure-preserving transformation of (Q,P). Let A: Q — GL(d, R)
be a matriz-valued function with [log||A(w)|| dP(w) < oo and [ ||(A(w)) ™| dP(w) <
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FiGURE 1. The Multiplicative Ergodic Theorem gives
“A dynamical Jordan normal form decomposition.”

00. Then there exist Lyapunov exponents oo > Ay > ... > A\, > —00;
multiplicities mq,...,my € N satisfying my + ... + my = d and mea-
surable families of subspaces Vi(w), Vo(w), ..., Vi(w) such that

(1) decomposition: R = V;(w) @ Va(w) @ - - & Vi(w);

(2) dimension: dim V;(w) = m; for a.e. w;

(3) equivariance: A(w)Vi(w) = V;(o(w)) for a.e. w

(4) growth: If v € Vi(w) \ {0} then

L log |AM™ || — A and Llog |AC™ || = =\ as n — oo for a.e. w,
where
A = A" 'w) -+ A(w) forn > 0; and
AC™Y = A(e™mw) ™t A(o T w) 7 forn > 0.

w

The Vi(w) are the vectors expanding at rate )\;,. These are the
Oseledets subspaces.

6. DEDUCING OSELEDETS FROM KINGMAN: PRELIMINARIES

In the next section, we’ll sketch an argument of Raghunathan, giving
a proof of the non-invertible form of Oseledets’ theorem from the sub-
additive ergodic theorem.

As a warm-up, we need some reminders about the singular value
decomposition of a matrix; and definition of the Grassmannian of a
vector space; and the exterior algebra of a vector space.

6.1. Singular Value Decomposition.

Theorem 17 (Singular Value Decomposition). Let A € Mguq(R).
Then there exist orthogonal matrices Oy and Oy and a diagonal matriz
D with non-negative entries such that A = O1D0Os.
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Proof. The matrix AT A is symmetric, and so there is an orthonor-
mal basis of R? consisting of eigenvectors. If AT Av = cv, then ¢ =
(AT Av,v) = (Av, Av) > 0, so that all eigenvalues are non-negative. Let
the eigenvalues be A\ > A3 > ... > A2 with corresponding orthonormal
eigenvectors vy, ...,vq. Let Os be the matrix with rows consisting of
vy, ...,0q; D be the diagonal matrix with entries Ay,..., A\s. Let k be
the largest index such that Ay > 0. For i < k, let u; = Av;/\;. 1If
k < d, let ugy1, ... uq be an orthonormal basis for A(R?)L. Let O; be
the matrix whose columns are uq, ..., uq.

Since the rows of Oy are orthonormal, we see that (O01);; =
(vi,vj) = 6;5, so that Oy is orthogonal. We have O1 DOyv; = O1De; =
Ol>\iei = )\,LuZ = Avi, so that 01D02 = A. Finally, notice that for
1 < ] < k, )\i)\j<ul-,uj> = <A’UZ‘,A’UJ‘> = <'U1',AA’U]'> = /\?<'Ui,’l)j> = 0 for
i # 7, so that the first k& columns of O; are orthonormal (and so are
the rest by construction), so OFO; = I as required. u

The singular values of A, o1(A) > ... > 04(A), are the entries of D.
The singular vectors are the rows of Oy and their images are multiples
of the columns of Oy, so that Av; = g;(A)u;.

Remark. Singular value decomposition (SVD) also makes sense for non-
square matrices.

Lemma 18. Let the singular values of A be o1 > ... > o4. Then for
1<k<d,

0 = max ( min ||A:)3||), and

dim V=k \ zeV:|jz||=1

op = _min ( max HAQJH)

codimV=k—1 \ zeV: ||z|=1

Proof. (Exercise) 0

In particular, from this characterization, you can see that oq(A) is
max|,|=1 [|Az||, the norm of A and the first singular vector is a vector
that is expanded most by A. By continuity, any vector close to vy is
also expanded a lot by A, but v, is a vector in lin(v;)* that is expanded
the most by A. etc.:

Lemma 19. v, is a vector in lin(vy,...vx_1)" that is expanded the
most by A.

Proof. (Exercise) O
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6.2. Grassmannian of a vector space. The k-dimensional Grass-
mannian of RY, Gr(d, k) is the collection of all k-dimensional subspaces
of R%. This is a very nice space: a compact metric space, a smooth
manifold etc.

To define a metric, we’ll go with the most intuitive one: dg,(V, V') =
dg(V NS, V'NS), where S is the unit ball and dy is the Hausdorff dis-
tance: for two non-empty compact sets, their Hausdorff distance is de-
fined by dy (K, K') = max (maxxeK minge g d(z, y), max,e g minge g d(z, y))

6.3. Exterior power of a vector space. A very useful construction
in multiplicative ergodic theory is that of an exterior power of a vector
space. For the formal construction of the kth exterior power, if V' is a
vector space, you form the free vector space F' with basis consisting of
all elements of the form e,, _,, for (vi,...,v;) € V¥ (so that a typical
element is 17ey, . v, + 2€2401 19,0 + 12€0,05...0,)- We then let Z be a
subspace of elements of F' that we want to identify with 0: Z is the
subspace of F' spanned by elements of the form

..v, (multilinearity)

€V e Vs Vg e VR + €V Ve Vi VR (antlsymmetrY)

The kth exterior power of V| /\k Vis then F'/Z. We write vi A+ - - Avg
for ey, .. + 2.

In fact, if ey,...,eq is a basis for V then {e;, A---Aej iy < ... <
ir} forms a basis for /\k V', but proving this goes through a universal
algebraic property of /\k V.

Some elements of /\k V may be expressed in the form vy A - -+ A vy.
Others can only be expressed as a sum of elements of this form (cf
matrices expressed as sums of rank 1 matrices). A ‘pure’ vector v; A
-+« Ay, can be roughly thought of as defining an element of Gr(d, k)
(i.e. lin(vy,...,v)) and a magnitude.

If A is a linear self-map of V', then /\kA is a self-map of /\kV

satisfying (/\k A) (Vi A+ Avg) = (Avp) A~ -+ (Awy) for each vy A+ - Ay
The space /\k R? can be turned into a Euclidean space by letting

{es N---Nej, i i1 < ... < i} be an orthonormal basis, where ey, ..., eq
is the standard basis.
It’s completely non-obvious that if fq,..., f; is any orthonormal ba-

sis, then {f;; A=+~ A fi, 1 i1 < ig < ... <} is orthonormal with respect
to this inner product. But it’s true!
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6.4. SVD of Exterior powers. Singular value decomposition and
exterior powers play extremely nicely together. Let A be a d X d matrix
with singular values 01 > 05 > ... > 04 and singular vectors vy, ..., v4.
Recall that these are orthonormal. By what we just said, {v;, A--- A
Vi, 1 41 < ... < i} forms an orthonormal basis of A" R?.

Recall also that Av; = o;u;, where the u;’s are also orthonormal.
This means that

k
/\ A<Ui1 AR /\Ulk) = <0i1 t 'Uik>uil AR /\U’Zk
The {u;, A--- Aw;, } are orthonormal also, so that we obtain

Lemma 20. The singular values of/\k Aare{o; -0 101 <...<ip}
and the singular vectors are {vy, N+ ANwvg, 1 ip < ... <y}
In particular,

M) A4 =01 o

7. DEDUCING NON-INVERTIBLE OSELEDETS FROM KINGMAN

7.1. The Raghunathan trick. Recall the notation AS” = A(o" 'w)- --

For each 1 < k < d, define f}*(w) = log|| /\k AS,")H. Since AT™ —
AL ALY and N(AB) = N* A A" B, we see that

i (@) < M (0"w) + 1M (w).

Hence the Kingman sub-additive ergodic theorem (or Furstenberg-
Kesten theorem) applies. There exist Ly, ..., Ly such that f2*(w)/n —
L, for each k and a.e. w.

Notice also that by (1), f2%(w) = log | A" AS|| = 2K log 0:(AT).
Hence f(w) — fa* D (w) = logop(A%). Dividing by n and taking
the limit, we obtain

lim ~ log o (A = Ly, — Ly
n—oo 1,

Define puy = Ly — Lx_1. By the above, we have

00 > / log ()| dP(w) > 1 > pts > ... > j1a > —o0.
These are the Lyapunov exponents. It is useful to group them by mul-
tiplicity:

{Ala'--aAk}:{ulv"'aud}
O>A >N > > A > —00

Mm1+...+mi_1+j = )\z for 1 S] S my.
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7.2. Equivariant subspaces. That was the easy part! Now we need
the subspaces... We're trying to find equivariant spaces Fj(w) of di-
mension m; + ...+ my, consisting of vectors expanding at rate A; or
lower, “the jth slow space”. We'll get at these using the slow singular
vectors of AU

Let M1 = my + ... +mj_; for 1 < j < k. This is the dimension
of the “(j — 1)st fast space”, the number of exponents larger than
Aj. The jth slow space should be spanned by singular vectors with
exponents A; and below: by the (M;_; + 1)st to dth singular vectors.
Let O]:m]+—|—mk

The idea is to define Fj(n) (w) to be the space spanned by the (M;_; +
1)st to dth singular vectors of A and prove:

(1) these subspaces converge to a limit, F}(w), as n — oo;
(2) Fj(w) is equivariant: A(w)Fj(w )CF( (w));
(3
(4

) if v € Fj(w), then liminf,_, & log ||Awn v|| > Nj_1;
) if v € Fj(w), then limsup,,_, nlog||A v|| < ;.

Of these, (1), (2) and (3) are relatively straightforward, while (4) is
the trickiest.

7.3. A sketch of (1). Remember that Gr(d,O;) is compact metric
(hence complete). The idea is to show that the distance from Fj(”) (w)

to Fj("Jrl (w) is O( Aj—1= A= 6)) Then the subspaces form a ‘fast

Cauchy sequence’.

How to do this? Take a unit vector, v, in Fj(n) (w) and write it as an
orthogonal sum u + w of a part w in Fj("H)(w) (the span of the slow
singular vectors for n+ 1 step evolution) and w in Fj("Jrl)(w)L (the fast
singular vectors). Since we know that ||A™v]|| < e 1 it follows that
APy < em. But ||A£J"H)UH is the sum of the orthogonal vectors
AUy and ATV w. Hence |[ATw|| < e, Since w is in the fast
space (so grows at rate A;_; or faster), this implies ||w]|| < e i-17%),
That is: every unit vector in Fj(") (w) is e P17~ _close to something
in FJ-(nH)(oJ).

7.4. A sketch of (2). We show that elements of A(w)(Fj(nH)(w)) are

exponentially close to F' j(n)(a(w)) and take the limit as n — oo using
claim (1).

P11 write 2, < € to mean for any €, z,, < e@+9" for large n. That is, the

~

exponential growth rate is at most a.
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Take v = A(w)z in the unit ball of A(w)(Fj("H)(w)); express it as

u~+ w with u € Fj(”)(a(w)) and w € Fj(”)(a(w))L. The rest of the
argument is like the previous step.

7.5. A sketch of (3). If v is a unit vector not in Fj;(w), it is some
positive distance, 0, from Fj(w). By the triangle inequality, it is at least

¢ from Fj(") (w) for all large n. That means that if v is decomposed into
components in the slow space, Fj(”) (w) and the fast space, Ej(n) (w)*,
there is a vector of length at least % in the fast space. When you apply

Aj-1—€)

Afun), you get a vector of length ge”( , as required.

7.6. Sketch of a sketch of (4). Write V;(") (w) for the space spanned
by the (M;_1 + 1)st to M;th singular vectors of A" The idea is to

Show that if v is a unit vector in F;(w), then the com-

Aj=Aiten for each

ponent of v in V™ is of size at most e
1< 7.
Now when you apply A o v, the vector obtained is of size at most
et (as seen working component by component and using the tri-
angle inequality).

Raghunathan shows the above by clever estimates on the inverse of
a matrix.

As an alternative, step (1) already gives the desired estimate in the
case of Fy(w). This is enough to show that elements of Fy(w) grow at
rate Ag or less. Now, one can look at the restriction of A(w) to Fy(w)
and deduce that F3(w) grows at rate A3 or less and obtain the result
inductively. (This argument is carried out in a Banach space setting
in papers of Alex Blumenthal, and of Cecilia Gonzalez-Tokman and
myself).

8. DEDUCING INVERTIBLE OSELEDETS FROM NON-INVERTIBLE
OSELEDETS

For this section, we’re assuming that the base dynamics, o, is invert-
ible, and also that the matrices A(w) are invertible (and ||(A(w))™!| is
log-integrable). It turns out that the first condition is crucial, whereas
the second condition is not.

Recall the definition of the stable and unstable manifolds of a fixed
point of an invertible map T’

Wi(p) ={z: d(T"xz,p) = 0 as n — co};
Wy(p) = {z: d(T"z,p) — 0 as n — —oo}.
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At first sight, the definition of the unstable manifold may be surpris-
ing:
Exercise. Why is the unstable manifold defined this way? (Think

2
about the map T'(x) = (0 8) x for a concrete example).
2

Like this, we will obtain fast spaces as the slow spaces of the inverse

system.

8.1. Non-invertible result implies invertible result using the
Inverse system. The map o' is another ergodic measure-preserving
transformation of (2,P). Define the matrix B(w) = A(c 'w) and
build the matrix cocycle BS” = B(o~™Dw)--- B(w). Notice that
By = (A, ).

Applying the one-sided Oseledets theorem to the inverse system, we
obtain a family of subspaces R? = Ey(w) D Ej_1(w) D -+ Ey(w) such
that:

o (dimension): dim E;(w) = m; + ... +my;
e (equivariance): B(w)E;(w) C Ej(oc™w);
e (growth): v € E;(w) \ Ej41(w) implies & log ||BU(J")U|| — =\

Since B(w) = A(o~(w)) ™, the equivariance condition can be rephrased
as Fj(w) C A(c'(w))E;(c7'w), or Ej(o(w)) C A(w)E;(w). Since
A(w) is invertible, and dim E;(w) = m; + ... + m; for a.e. w, we
deduce E;(w) is an equivariant family.

If v € E;(w), then |B{v|| < em®=9(|u]|. Since BSY = (A™, )1,
it follows that for w € E;(0 "w) (writing w as (Aa",)nw)_lv), |w|| <
e~ M9 AM, w] or AL, w]| 2 e 9w

This (plus a little more work) shows that £;(w) is the jth fast space:
the vectors expanding at rate \; or faster.

Now: Vj(w) = Ej(w) N Fj(w) is an equivariant space consisting of
vectors expanding at exactly rate A\;. The last thing to check is that it
has the correct dimension, m;. Since dim E;(w) = my + ...+ m; and
dim Fj(w) = m;+...+my = (d—dim E;(w)) +m;, we see from the for-
mula dim(UNV) = dim U +dim V —dim(U 4 V') that dim V;(w) > m;.
It is not hard to see that the (V;(w)) are mutually linearly indepen-
dent: Suppose that that vy + ... + v, = 0, where v; € V;(w). Sup-
pose for a contradiction that the v; are not all 0. Then let ¢ be the
smallest index such that v, # 0. Now A&")w grows at rate \,, while
A&n)(wﬂ + ...+ vg) grows at rate at most Ayyq, so that they cannot
cancel for large n, contradicting the assumption that v; +... + v, =0

(hence Al (v1 +...+v,) =0).
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A key observation: The E;(w) were the slow spaces for the inverse
system — that is these are determined by (A(0"w))n<o, while the Fj(w)
are governed by (A(c"w))n>0-

8.2. Non-invertible result implies invertible result using dual-
ity. In this sub-section, we’ll prove the same result using duality. It is
still important that o is invertible, but we never take inverses of the
matrices.

Define C(w) = A(oc'w)* and build a cocycle over o' ol =
Clo= " Vw) - Clw) = (A", ).

Theorem 21. Let o be an ergodic invertible measure-preserving trans-

formation. Let A: Q — Mgxq(R) be such that ||A(+)]|| is log-integrable.

1

Let C’U(Jn) be the dual cocycle over o= as above. Then the Lyapunov

exponents of the dual cocycle are the same as those of AW,
Let the slow spaces for the dual cocycle be G1(w), ...Gg(w). Then:
(1) A(w)Gj(w)*t = Gj(a(w))* for a.e. w;
(2) Gi(w)r N EFj_1(w) = V;_1(w) for a.e. w.

Proof. To prove (1), let v € G;(w)* and y € Gj(0(w)). Then we have

(Aw)v,y) = (v, Aw)"y) = (v, Clo(w))y).
Since C(o(w))G,(0(w)) C Gj(w), we have C(o(w))y € G,(w), so that
(A(w)v,y) =0 and A(w)v € Gj(o(w))*, as required.

We'll just sketch the proof of (2). The main idea is to show that
G;j(w)* has a trivial intersection with F;(w). Assuming this for now,
since they have complementary dimensions (F}(w) and G,(w) have the
same dimension as the A and C' cocycles have the same Lyapunov ex-
ponents), it will then follow that RY = Fj(w) & G;(w)*. From here
(and (3) of section 7.2), it follows that everything in G;(w)* expands
at rate \;_; or faster. Now we have G;(w)*NFj_; is an equivariant sub-
space consisting of vectors expanding at rate A\;_;. From the formula
dim(UNV) =dimU +dim V — dim(U + V), we see that G;(w)* NF;_,
is of dimension m;_;.

To prove the trivial intersection, let Z = Fj(w)*. By section 7.2
(3), we have ||A£,n)z|| > et-1" for all z € ZN S. On the other hand,
we have d(ASJn)z,Gj(a"w)L) = maxyegj(gnw)mg(A&n)z,y) For any y €
Gj(0"w) N S, we have (A2, ) = (2, B%) y) < €M™, Hence for any
z € ZN S, the component of A2 in the direction perpendicular to
G (0"w) is < eMm. We deduce Z(AT Z, G (o™w)) < e~ mhi-1=4),

To finish, we show that elements of A™ 7 are forced to lie far from
Fj(0"w). One can show (with a little determinant magic) || A" Al | ~
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I A" A | Ak z|| for all large n and so | A A Ak 2l & e(midit.tmj—1xj—1)

If an element z of Z had the property that AD > was e~ close (in
angle) to F;(c"w), then the above growth condition is contradicted.
In particular, we deduce AJ"Z is far (at an exponential scale) in ev-
ery direction from Fj(o"w); but A" Z is close to Gj(0"w). Hence
F;(0"w) N Gj(c"w) = {0} for large n. Hence F;(w) N G;(w) = {0} a.e.
by the Poincaré recurrence theorem.

O

Corollary 22 (Oseledets theorem: semi-invertible case). Let o be
an invertible ergodic measure-preserving transformation of (2, P). Let
A: Q — Mgyq be a matriz-valued function with [ log||A(w)|| dP(w) <
0o. Then there exist oo > Ay > ... > N\, > —00; myq,...,my, € N sat-
isfying my + ...+ my = d and measurable families of subspaces Vi(w),
Vo(w), ..., Vi(w) such that

(1) decomposition: RY = V}(w) @ Va(w) @ - - ® Vi(w);

(2) dimension: dim V;(w) = m; for a.e. w;

(3) equivariance: A(w)Vi(w) = Vi(o(w)) for a.e. w

(4) growth: If v € Vi(w) \ {0} then Llog ||A£J")UH — N\ asn — o

for a.e. w, where ASY = A(0" w) - A(w).

The hypotheses are a hybrid of the two original Oseledets theorems:
the underlying system must be invertible; there is no invertibility re-
quirement for the matrices. The good news: we can still get a decompo-
sition: R? = Vi &...®Vj rather than a filtration (R* = F; D ... D F},).
We did lose something though: we have no backwards growth bounds
on ||A£J_")v|| — the inverse matrices needn’t even exist.

Theorem 23 (Oseledets theorem: Banach space version). Let o be
an invertible ergodic measure-preserving transformation of (2, P). Let
B be a separable Banach space. Let L: Q) — L(B, B) be an operator-
valued function with [log || L] dP(w) < oo.

Suppose that = [ log 1L57 )| dP(w) — A and L [log k(LS dP(w) —
a < A\, where k(L) = inf{r: L(B) can be covered by balls of radius r}
and B s the unit ball.

Then there exist 1 < k < 00, Ay > Ay > ... > A\, and equivari-
ant subspaces Vi(w), ..., Vi(w) and R(w) such that B = Vi(w) ® ... d
Vi(w)@® R(w) and the growth conditions of the matriz Oseledets theorem
hold.

The proofs are based on defining suitable notions of singular values
(or volume growth) for maps of linear maps on Banach spaces. There
are many possibilities — all giving the same growth rates.
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9. EXERCISES

Show that Lebesgue measure is invariant under the doubling
map. Also the measures p, v and 3(u 4 v) from Example (2)

Show that for the Gauss map from Example (3), T7'[0,a) =
Uns1 (o=, £]. Writing the p-measure of the set on the right as

n+a’
153 Lns1l(log(n + @) —log(n)) — (log(n + a+ 1) —log(n +1))],
show that p is invariant.
Consider the circle rotation, example (4) with @ = 3. How
many invariant probability measures can you find? Can you
give a description of all invariant probability measures? What
if @ =1/v/27
Let T" be a measurable map from a space X to itself. Can you
give a complete description of all atomic T-invariant probability
measures? (A probability measure is atomic if there exists a
countable set S such that u(S) =1 and p(S¢) = 0).
Suppose that T is a measure-preserving transformation of a
probability space (X, ) and f is a measurable function such
that f(Tx) < f(x) for all z. Prove that for almost every z,
f(T"z) = f(x) for all n.

[Hint: is it possible for the set {z: f(Tz) < f(z) — €} N
{z: f(x) > a} to have positive measure for some € > 0 and
some a € R? Is it possible for {z: f(Tz) < f(x) — €} to have
positive measure for some € > 07]

Hence, taking T' to be the time one map of the differential

equation, prove Corollary 3.
Suppose that 7' is a continuous map from a compact metric
space X to itself and that p is a T-invariant probability mea-
sure. Show that for all € > 0, and for p-almost every x, there
exists n > 0 such that d(z,T"z) < e.

[Hint: it may be helpful to consider the support of the mea-
sure, that is supp(p) := {z: p(B,(x)) > 0 for all r > 0}. It
follows from the definition that this is closed, and from second
countability of X together with countable additivity of u that
p(supp(p)) = 1]
Suppose T is a measurable transformation of X preserving a
probability measure p, and that A is a measurable subset of X
satisfying T™'A = A and p(A) > 0. Show that the measure v
defined by v(B) = n(AN B)/u(A) is also T-invariant.
Let Q = {0,1}% and let y, be the coin-tossing measure with
probability of 1’s given by p as in example (5).

There is a standard theorem as follows:
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Theorem. If A is an algebra that generates a o-algebra B, then
for each element B of B and each € > 0, there exists an A € A
such that p((A\ B)U (B\ A)) <e.

(a) Use this to show that any 7T-invariant set is of p,-measure
0 or 1. (Hint: B =T""B for any invariant set);

(b) Show that for p,-almost every x, the frequency of 1’s is p;

(c¢) Deduce that there exists an uncountable collection of dis-
joint measurable sets B, (one for each p € (0, 1)) such that
pp(By) =1 and p,(U,., By) = 0 for each p.

a7p 4
(9) Consider site percolation on Z? (for example) where the prob-

ability that a site is occupied is p (and the measure is y,). By
ergodicity, j,-a.e. configuration has exactly N(p) infinite clus-
ters. This exercise is about showing that N(p) can only take
values 0, 1 or co. Suppose for a contradiction that N(p) = ¢
with 1 < ¢ < 0.

(a) Use continuity of measure (if A; C Ay C ..., then u,(J A»)
lim g1, (A,,)) to prove that there exists an k& such that with
positive probability at least two infinite clusters enter the
(2k + 1) x (2k + 1) square centred at the origin.

Let &, be the map that modifies a configuration by replacing
all coordinates in the (2k + 1) x (2k 4+ 1) square around the
origin by 1’s:

ou(2), — {1 if n e [—k, k|2

T, otherwise.

(b) Show that if a set S has positive measure, then ®;(S) has
positive measure. [Hint: it may be useful to partition S
into pieces according to the configuration seen on [—k, k]2.]
(c¢) Deduce that N(p) cannot take any finite value bigger than
1.
(10) Prove that Gr(d,2) is sequentially compact.
(11) For a fixed k-codimensional subspace, W, of R?, let U denote
those elements of Gr(d, k) that have a trivial intersection with
w.
Prove that U is an open subset of Gr(d, k).
Fix an element Vj € U, a basis eq,..., e for Vy and a basis
fiy--o, fa—gx for W. For an element V € U, since V& W =
R?, each e; may be expressed uniquely as v; + w; with v; € V
and w; € W. Form a matrix, ®(V') whose ith column is the
coefficients of w; in the (f;) basis.
Prove that ® is a bijection from U to R(@=*)xk,
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Prove that the collection of (U, ®) (as W varies over Gr(d, d—
k), Vo varies over U and the bases vary over bases for W and
Vo) forms a smooth manifold structure on Gr(d, k).

(12) Verify that:

® UL A AUA- - ANUN- - NV = —U A== - AUGA - =AU - - AU

and

e N Ao+ V)N ANvg=v1 A~ ANUVAN-- Aoy +

Aoy N ANV A Ay,
o Ifey,...,eqis abasis for V, then {e;, A---Ae; 1 i3 < ... <
ir} spans \" V.
(13) Let V be a k-dimensional subspace of R%. Let two bases for V
be ey,..., e and fi,..., fi.

Prove that fi A -+ A fr, = cey A --- A eg, where c is the
determinant of the matrix of coefficients of the f vectors in
terms of the e vectors.

(14) Prove that there is a linear map, A" A satisfying (/\k A) (v1 A

o Awvg) = (Avp) A -+ (Auy) for each vy A -+ A vy,

(15) Show that if the invertible matrix A has singular values oy >
... > 04, then A~! has singular values ;' > ... > o7

(16) Check from the previous exercise and the Kingman sub-additive
ergodic theorem that the Lyapunov exponents for this cocycle
are —\g, ..., —A;, with multiplicities my, ..., m;.



