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The rocking block

af +sin(a(l —x)) =0 ifx >0
ai —sin(a(l+z)) =0 ifzx<0
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Piecewise-defined system

Let us split the plane in two sets

ST ={(z,y) eR? |z > 0}
S™={(z,y) 6R2|x<0}

separated by the switching manifold
L=2tux u(0,0)
where
s+ = {(:c,y) eR2|a::0,y>0}

Z_:{(w,y)€R2|$:Oy<0}.
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Piecewise-defined system

We consider the piecewise smooth system

<¢>_ X (z,y) if (z,y) € STUST
g ) | X (x,y) if (z,y) €S UDT

which we assume “Hamiltonian”
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Piecewise-defined system

We consider the piecewise smooth system

( & > _ {XJ(x,y) if (z,y) € Stust

Y Xy (z,y) if(z,y) e STUET
which we assume “Hamiltonian”, with Hamiltonian

2 y2 L Yt(a) if (z,y) € STUST
X(z,y) = 5 +Y(x) = 5
%JrY (@) if (z,y) € S~ US"
)=

with Y+ € C>®(R) satisfying Y+ (0) = Y—(0) but (Y)"(0) # (Y ~)(0).
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The coupled system

We consider
H (z,y,u,v,t) = X(x,y) + U(u,v) + eh(z,y,u,v,t), € > 0,
with h T-periodic in t:
h(z,y,u,v,t) = h(x,y,u,v,t +T)

and X and U are piecewise-defined Hamiltonian modelling two rocking
blocks.
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The coupled system

Invariant objects for the unperturbed case

If € =0, the coupled system is a cross product of two rocking blocksxT

I Y {(u,v), |U(u,v) =c} = A,
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Invariant objects for the unperturbed case

o TE=Qt xA.xT=
{(I7y7u’ U’ S) | (x7y) — Q:t7 U(u7/U) — c’ S 6 T}
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Invariant objects for the unperturbed case

o TE=Qt xA.xT=

{('/I:? y7 u’ U’ S) | (x7 y) — Q:t7 U(u7 /U) — c’ S 6 T}
° W(1.5) =W"(7.")

=WS(QT) x AexT=W*% Q") x Ac x T
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System description
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The perturbed case

Invariant objects for the unperturbed case

o TE=Qt xA.xT=

{('/I:? y7 u’ U’ S) | (x7 y) — Q:t7 U(u7 /U) — c’ S 6 T}
o WH(TH) = WH(T,")

=WS(QT) x AexT=W*% Q") x Ac x T
C A_ = Uce[cl,cg] 7:3_ — Uce[cl,cz] QT XA xT

t= Uce[clvcﬂ 7;+ = UcG[q,cz] QY x A xT

=
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C" Invariant manifolds
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Persistence when € > 0

We don't have theory that provides the persistence of these invariant
manifolds because of the non-smoothness. Instead we use the impact map:

P:RxYxT—R>xYxT

Y v
¥ P.(2) b))

)
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NHIM's for the impact map

N

I WH(Cr) = W*(C)
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Perturbed invariant manifolds for the map

Using that P. is smooth, we can apply classical theory of normally
hyperbolic manifolds to have the existence of

TE, W (%)
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Perturbed invariant manifolds for the flow
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&
0° = (w®,5%) € W(I'T)
PMwt) - P2(@°)] — 0
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Intersection of the heteroclinic manifolds

When € > 0 there exist 3-dimensional invariant manifolds

-

—
o

—
[0

C

)

Ulu,v)

{
{

with 4-dimensional W*(AZ) and W*(AY)

Do they intersect??
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Intersection of the heteroclinic manifolds

Yes, under certain conditions

C

O i O
>
=
o
=
™4

e WU () N W ()

Ulu,v)

{ISE

W*(AZ) N W#(At) is 3-dimensional
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Intersection of the heteroclinic manifolds

A sufficient condition to have (transversal) intersection of the heteroclinic
manifolds is that the Melnikov function

C — M(C? T? U’ S)?

has simple zeros.
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Intersection of the heteroclinic manifolds

A sufficient condition to have (transversal) intersection of the heteroclinic
manifolds is that the Melnikov function

C — M(C? T? U’ S)?

has simple zeros.
In the smooth case,

M, T1,v,8) = _Z {X,h} <qb<t; (cr({) ,¢u£7;0,v),s);0>>dt
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Intersection of the heteroclinic manifolds

A sufficient condition to have (transversal) intersection of the heteroclinic
manifolds is that the Melnikov function

C — M(C? T? U’ S)?

has simple zeros.
In the smooth case,

MGrvs)i= [ 0xn (6(6(0©) u (r:0.0),9:0) at

N~

Zo
In our case,

M(¢,1,v,s) :=/

—00

(e.9]

{X,h} (¢<t; (0, yn, dus (T + ¢;0,0) ,s+C);O>)dt
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Intersection of the heteroclinic manifolds

Zo = (0, yn, pu(T + ¢;0,v), 8 + )
N = {% +1(0,1,0,0,0), I € R}

ou(T+¢;0,0)

Q 2 —=So+(
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Intersection of the heteroclinic manifolds

A(¢,7,v,8€) = X(3*) — X(2°) =eM((,7,v,8) + O(e*) =0

ou(T+¢;0,0)

!

20

Q 2 —=So+(
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Intersection of the heteroclinic manifolds

Let ¢ be a simple zero of
¢ — M((,7,0,5)
— 37 e WHAD)NW(AD) N {z =0}, 3+ € A

% = (0,yn, du(t + ;0,0),5 + C) + O(e)
% = (QF, du(t +¢;0,v), s +C) + O(e)

o(t; Z5€) — d(t; 7552)| = 0, t — oo
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Properties of the scattering map

The scattering map becomes

s ¢ AZ — At

€ €
z7(t,v,8) — ZT(1,v,s)

We want to measure the difference of the energy of the points Z* and 2~
We use the unperturbed Hamiltonians
XEH+UEH) - (X (27)+UE)
— X(#") - X))+ UEY) - U()

O(e2) AUe+0(eltr)
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Properties of the scattering map

UEY) —U((Z7) = eAU + O(e'1?)
0
AU(1,v,s) = / ({U, h} (unperturbed heteroclinic)

—{U,h} < assympthotic solution in A’) )dt
+o0
+/ ({U, h} (unperturbed heteroclinic)
0

—{U, h} < assympthotic solution in 1~X+) )dt
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Properties of the scattering map

T

lim % ; (U (gZ; (t;2+;5)) fU(gg (ft;,%_;s))>dt

T—o00
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Properties of the scattering map

-
—
Ss
IS
+

fm g ) (0 (609) v (3 (um9))

—¢ (Cplglgo%/: ( _tt{U, h} (o(=C+ 1), du(t +7;0,0),5+ 1) dr) dt)
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System equations

T =y
y =z — sign(z)
+ e(k(u—a) — dcos(s))

0 =u — sign(u)
+ e(k(z — u) — dcos(s))

y2
H({E, Yy, u, v, S) :7
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Numerical results

Melnikov function

Let us fix v =0.5 and 7 = s = 0.

—0.5F
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Numerical results

Real distance
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Numerical results

Real distance

we get, for e =0.01 (v =0.5 and 7 = s = 0)

N

—0.5
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1 Vg t _
A<= jim 7 | (/_t{U, B (o(=C+ 1), du(r +7:0,0), 5 +7) ‘”") “

Third zero — A <>~ 0.4
Fourth zero — A <>~ —0.3
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Numerical results
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Numerical results
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Numerical results
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