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Key definitions

Definition

Let X be a vector field on R2 (or S2). A graphic Γ for X is a compact,
non-empty invariant set which is a continuous image of S1 and consists
of a finite number of isolated singularities tp1, . . . , pm, pm`1 “ p1u (not
necessarily distinct) and compatibly oriented separatrices ts1, . . . , smu
connecting them.

A graphic is said to be hyperbolic if all its singular
points are hyperbolic saddles. A polycycle is a graphic with a return
map defined on one of its sides.
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Key definitions

Definition

A non-empty compact subset Γ of a surface S is a limit periodic set
for a germ of a family of vector fields tXµuµ«µ0 on S if there exists a
sequence of parameters tµnunPN converging to µ0 such that each Xµn

has a limit cycle γn and the sequence tγnunPN converges to Γ as nÑ8

in the Hausdorff topology of the space CpSq of compact non-empty
subsets of S.

A limit periodic set for an analytic family must be:

a singular point,

a periodic orbit, or

a graphic.
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Key definitions

Definition

Let Π be a collection of limit periodic sets for the germ of a family of
vector fields tXµuµ«µ0 on S2. We define the cyclicity of Π with respect
to tXµuµ«µ0

as

Cycl
`

pΠ, Xµ0q, Xµ

˘

:“ inf
ε,δą0

sup
µPBδpµ0q

#
 

γ limit cycle of Xµ such that

dHpγ,Γq ă ε for some Γ P Π
(

.

Γ´

Γ`

γ´ γ`

γ
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The Dulac map

The Dulac map is a fundamental notion to study the cyclicity of a
hyperbolic polycycle.

0 s

σ1

Σ1

x2
σ1psq

ϕp ¨ , σ1psqq

σ2pDpsqq

Σ2

x1

σ2

0 Dpsq
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The Dulac map

We have devoted a series of three papers to study the asymptotic
expansion of the Dulac map (and the Dulac time):

Asymptotic expansion of the Dulac map and time for unfoldings
of hyperbolic saddles: local setting,
J. Differential Equations 269 (2020) 8425–8467.

Asymptotic expansion of the Dulac map and time for unfoldings
of hyperbolic saddles: general setting,
J. Differential Equations, 275 (2021) 684–732.

Asymptotic expansion of the Dulac map and time for unfoldings
of hyperbolic saddles: coefficient properties,
J. Differential Equations, 404 (2024) 43–107.
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Quadratic hemicycles

For each pa0, b0q P p´2, 0qˆp0, 2q we consider the quadratic differential
system

"

9x “ b0´2
4 ` p1´ b0qy ` a0x

2 ` b0y
2,

9y “ ´2xy.
(1)

It has two centers, one foliates the whole upper-half plane and the other
the whole lower-half plane.

Compactified to the Poincaré disc, the outer
boundary of the respective period annulus is a polycycle, which in some
sources is called hemicycle.
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The cyclicity of quadratic hemicycles

unperturbed perturbed
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The cyclicity of quadratic hemicycles

Theorem A

If pa0, b0q P p´2, 0qˆp0, 2q and a0 ‰ ´1 then the cyclicity of Γu when we
perturb p1q inside the whole family of quadratic differential systems is
exactly 2. Moreover the cyclicity is at least 2 for pa0, b0q P t´1uˆp0, 2q.

Finally, the same result is true for the cyclicity of Γ`.

Γu Γu
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The cyclicity of quadratic hemicycles

It suffices to study the 5-parametric perturbation given by

Xµ

"

9x “ b´2
4 ` ε1x` p1´ bqy ` ax

2 ` ε2xy ` by
2,

9y “ ε0 ´ 2xy,
(2)

where µ :“ pa, b, ε0, ε1, ε2q « pa0, b0, 0, 0, 0q “:µ0.

QLV3

$

&

%

a` b “ 0
ε0 “ 0
2ε1 ` ε2 “ 0

QLV3

$

&

%

a` 2 “ b
ε0 “ 0
2bε1 ` pb´ 2qε2 “ 0

ε

µ0QR3
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Volterra centers. At the intersection things get more complicated.

QLV3

$

&

%

a` b “ 0
ε0 “ 0
2ε1 ` ε2 “ 0

QLV3

$

&

%

a` 2 “ b
ε0 “ 0
2bε1 ` pb´ 2qε2 “ 0

ε

µ0QR3

11 / 22



The cyclicity of quadratic hemicycles

It suffices to study the 5-parametric perturbation given by

Xµ

"

9x “ b´2
4 ` ε1x` p1´ bqy ` ax

2 ` ε2xy ` by
2,

9y “ ε0 ´ 2xy,
(2)

where µ :“ pa, b, ε0, ε1, ε2q « pa0, b0, 0, 0, 0q “:µ0.

QLV3

$

&

%

a` b “ 0
ε0 “ 0
2ε1 ` ε2 “ 0

QLV3

$

&

%

a` 2 “ b
ε0 “ 0
2bε1 ` pb´ 2qε2 “ 0

ε

µ0QR3

11 / 22



The cyclicity of quadratic hemicycles

Theorem B

If pa0, b0q belongs to K1zta0 “ ´1u prespectively, K2q then the cyclic-
ity of Π “ tΓu,Γ`u when we perturb p1q inside the whole family of
quadratic differential systems is exactly 3 prespectively, 2q.

Moreover
it is at least 3 for pa0, b0q P t´1u ˆ p0, 2q.

b Γu

a

K1 K2

´2

2

Γu
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The cyclicity of quadratic hemicycles

Compactification matters

In the projective plane, the antipodal points at infinity are identified
and, consequently, the polycycles Γu and Γ` are the same set. This
identification is not compatible with the direction of the vector field
but we can think in terms of a foliation. In this context, the “cyclicity”
of Γu “ Γ` in the projective plane would be three.

By removing a disk, the projective plane becomes a Möbius strip.
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The cyclicity of quadratic hemicycles

Theorem C

If pa0, b0q P tp´1, 1q, p´ 1
2 ,

1
2 q, p´

1
2 ,

3
2 qu then an alien limit cycle bifur-

cation occurs at Γu Y Γ` when we perturb p1q inside the whole family
of quadratic differential systems.

Our definition differs from the one used by Dumortier and Roussarie
because we account only for limit cycles which cannot be detected as
zeroes of any Melnikov function of any order. In addition our definition
is more intrinsic and geometric.
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1
2 q, p´

1
2 ,

3
2 qu then an alien limit cycle bifur-

cation occurs at Γu Y Γ` when we perturb p1q inside the whole family
of quadratic differential systems.

The original notion of alien limit cycle was introduced in

F. Dumortier and R. Roussarie, Abelian integrals and limit cycles,
J. Differential Equations, 224 (2006) 296–313.

where the authors bring to light that there are limit cycles bifurcating
from a polycycle which cannot be detected as a zero of the first Melnikov
function.
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The cyclicity of quadratic hemicycles

Du
`psq

Du
´psq

1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q
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Du
`psq

Du
´psq

1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q

δ˘ and ∆˘0 are smooth
functions at µ « µ0
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Du
`psq

Du
´psq

1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q

δ˘|ε0“0 ” 0
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The cyclicity of quadratic hemicycles

Du
`psq

Du
´psq

1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q

λ “ λpµq is the
hyperbolicity ratio of the
saddle at infinity

15 / 22



The cyclicity of quadratic hemicycles

Du
`psq

Du
´psq

1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q

F8` pµ0q is the class of `-flat
functions

15 / 22



The cyclicity of quadratic hemicycles

Du
`psq

Du
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1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q

F8` pµ0q is the class of `-flat
functions and in this case
` P

“

λ0,minp2λ0, λ0 ` 1q
˘
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The cyclicity of quadratic hemicycles

Du
`psq

Du
´psq

1{s

Σ2

Σ1

Du
˘ps;µq “ δ˘ `∆˘0 s

λ ` F8` pµ0q

The limit cycles are zeros of

Dps;µq :“ Du
`ps;µq ´D

u
´ps;µq
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The cyclicity of quadratic hemicycles

Definition

Given L P R and µ‹ P RN , we say that ψps;µq is L-flat with respect to s
at µ‹, and we write ψ P F8L pµ‹q, if for each ` “ p`0, `1, . . . , `N q P ZN`1

ě0

there exist a neighbourhood V of µ‹ and C, s0 ą 0 such that

ˇ

ˇ

ˇ

ˇ

ˇ

B|`|ψps;µq

Bs`0Bµ`11 ¨ ¨ ¨ Bµ
`N
N

ˇ

ˇ

ˇ

ˇ

ˇ

ď CsL´`0 for all s P p0, s0q and µ P V .

D. Maŕın and J. Villadelprat, Asymptotic expansion of the Dulac
map and time for unfoldings of hyperbolic saddles: local setting,
J. Differential Equations 269 (2020) 8425–8467.
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The cyclicity of quadratic hemicycles

Lemma

Fix any µ0 “ pa0, b0, ε0, ε1, ε2q with pa0, b0q P p´2, 0qˆp0, 2q and εi « 0
for i “ 0, 1, 2. Then, setting λ0 :“ λpµ0q “ ´

a0`2
a0

,

Du
˘ps;µq “ δ˘ `∆˘0 s

λ `

#

∆˘1 s
λ`1 ` F8`1 pµ0q if λ0 ą 1,

∆˘2 s
2λ ` F8`2 pµ0q if λ0 ă 1,

for any `1 P
“

λ0` 1,minp2λ0, λ0` 2q
˘

and `2 P
“

2λ0,minp3λ0, λ0` 1q
˘

.

D. Maŕın and J. Villadelprat, Asymptotic expansion of the Dulac
map and time for unfoldings of hyperbolic saddles: general setting,
J. Differential Equations, 275 (2021) 684–732.
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.

λ0 “ 1 ô a0 “ ´1 and we need to introduce a compensator to study
this case (work in progress).
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The cyclicity of quadratic hemicycles

Proposition

Fix any µ0 “ pa0, b0, 0, 0, 0q with pa0, b0q P p´2, 0q ˆ p0, 2q. Then

Dups;µq “ δu `∆u
0s
λ `

#

∆u
1s
λ`1 ` F8`1 pµ0q if a0 ą ´1,

∆u
2s

2λ ` F8`2 pµ0q if a0 ă ´1.

Moreover Dups;µ0q ” 0, Bε0δupµ0q ‰ 0, Bε1δupµ0q “ Bε2δupµ0q “ 0 and

∆u
0 ´ η1

˜

2

a

bpa` 2q
a

apb´ 2q
ε1 ` ε2

¸

Pă δu ą

∆u
1 ´ η2

ˆ

ε1 `
apb´ 1q

2pa` 1qb
ε2 ` op}pε1, ε2q}q

˙

Pă δu,∆
u
0 ą

∆u
2 ´ η3

ˆ

2pa` 2qpb´ 1q

pa` 1qpb´ 2q
ε1 ` ε2 ` op}pε1, ε2q}q

˙

Pă δu,∆
u
0 ą
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The cyclicity of quadratic hemicycles

Sketch of the proof of Theorem A (1/2)

Suppose for instance that a0 P p´2,´1q. In this case

Dps;µq “ δ`∆0s
λ`∆1s

λ`1`F8L pµ0q with L P
“

λ0 ` 1,minp2λ0, λ0 ` 2q
˘

and we define Ψpµq :“
`

a´ a0, b´ b0, δpµq,∆0pµq,∆1pµq
˘

. Hence

det
`

DΨ
˘

pµ0q „

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1 0 0 0 0
0 1 0 0 0

‹ 0 0

2

?
b0pa0`2q

?
a0pb0´2q

1

1 a0pb0´1q
2b0pa0`1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

„ a0 ` b0

If a0 ` b0 ‰ 0 then ν “ Ψpµq is a change of coordinates at µ “ µ0.
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The cyclicity of quadratic hemicycles

Sketch of the proof of Theorem A (2/2)

Then we can consider

D
`

s; Ψ´1pνq
˘

“ ν3 ` ν4s
λ ` ν5s

λ`1 ` fps; νq,

where f P F8L p05q with fps; νq|ν3“ν4“ν5 ” 0. Thus the remainder can be
divided as fps; νq “ ν3f1ps; νq`ν4f2ps; νq`ν5f3ps; νq with fi P F8L p05q
so that,

D
`

s; Ψ´1pνq
˘

“ ν3p1` F8L q ` ν4psλ ` F8L q ` ν5psλ`1 ` F8L q.

From here the proof follows using Bautin’s trick and the derivation-
division algorithm.
The case a0 ` b0 “ 0 is more delicate because, using that

Dps;µq|a0`b0“ε0“2ε1`ε2“0 ” 0,

a different division has to be performed.
20 / 22



Alien limit cycles: A beyond all order phenomenon

CyclppΓ, Xµ0
q, Xµq “ inf

ε,δą0
sup

µPBδpµ0q

Zp0,εq
`

Dp¨;µq
˘

“: Z

Here, given an interval I and a function f , ZIpfq stands for the number
of zeros of f in I.

In contrast, for each analytic arc µ “ ξpεq with
ξp0q “ µ0 such that D

`

s; ξpεq
˘

ı 0, we can take the Taylor’s expansion
at ε “ 0 and write

D
`

s; ξpεq
˘

“ εkξpMξpsq `Opεqq.

Mξpsq is the first non-identically zero Melnikov function. We can define

M :“ inf
εą0

sup
ξp0q“µ0

Zmp0,εqpMξq,

where the supremum ranges over all the analytic arcs µ “ ξpεq with
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Thanks very much!!

Moitas grazas!!


