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Key definitions

Definition

Let X be a vector field on R? (or S?). A graphic I for X is a compact,
non-empty invariant set which is a continuous image of S! and consists
of a finite number of isolated singularities {p1, ..., Pm,Pm+1 = p1} (noOt
necessarily distinct) and compatibly oriented separatrices {si, ..., Sm}
connecting them.
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Key definitions

Definition

Let X be a vector field on R? (or S?). A graphic I for X is a compact,
non-empty invariant set which is a continuous image of S! and consists
of a finite number of isolated singularities {p1, ..., Pm,Pm+1 = p1} (noOt
necessarily distinct) and compatibly oriented separatrices {si, ..., Sm}
connecting them. A graphic is said to be hyperbolic if all its singular
points are hyperbolic saddles. A polycycle is a graphic with a return
map defined on one of its sides.
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Key definitions

Definition

A non-empty compact subset I' of a surface S is a limit periodic set
for a germ of a family of vector fields {X,,},~,, on S if there exists a
sequence of parameters {/i,}nen converging to g such that each X,
has a limit cycle 7,, and the sequence {7, }nen converges to I' as n — o
in the Hausdorff topology of the space C(S) of compact non-empty
subsets of S.
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Key definitions

Definition

A non-empty compact subset I' of a surface S is a limit periodic set
for a germ of a family of vector fields {X,,},~,, on S if there exists a
sequence of parameters {/i,}nen converging to g such that each X,
has a limit cycle 7,, and the sequence {7, }nen converges to I' as n — o
in the Hausdorff topology of the space C(S) of compact non-empty
subsets of S.

The Hausdorff distance between the compact sets M and N is

dg(M,N) =inf{e >0: M < N; and N < M,.}.
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Key definitions

Definition

A non-empty compact subset I' of a surface S is a limit periodic set
for a germ of a family of vector fields {X,,},~,, on S if there exists a
sequence of parameters {/i,}nen converging to g such that each X,
has a limit cycle 7,, and the sequence {7, }nen converges to I' as n — o
in the Hausdorff topology of the space C(S) of compact non-empty
subsets of S.

A limit periodic set for an analytic family must be:
® a singular point,
m a periodic orbit, or

® a graphic.
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Key definitions

Definition
Let IT be a collection of limit periodic sets for the germ of a family of
vector fields {X,}~p, 0n S?. We define the cyclicity of II with respect

to { X} uapo as

Cycl((IL, X,,), X,,) := inf  sup #{v limit cycle of X, such that
8’6>0MEB¢S(MO)

du(7,T) < e for some I € I1}.
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Cycl((IL, X,,), X,,) := inf  sup #{v limit cycle of X, such that
8’6>0MEB¢S(MO)

du(7,T) < e for some I € I1}.
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The Dulac map

The Dulac map is a fundamental notion to study the cyclicity of a

hyperbolic polycycle.
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The Dulac map

We have devoted a series of three papers to study the asymptotic
expansion of the Dulac map (and the Dulac time):

@ Asymptotic expansion of the Dulac map and time for unfoldings
of hyperbolic saddles: local setting,
J. Differential Equations 269 (2020) 8425-8467.

ﬁ Asymptotic expansion of the Dulac map and time for unfoldings
of hyperbolic saddles: general setting,
J. Differential Equations, 275 (2021) 684-732.

ﬁ Asymptotic expansion of the Dulac map and time for unfoldings
of hyperbolic saddles: coefficient properties,
J. Differential Equations, 404 (2024) 43-107.
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Quadratic hemicycles

For each (ag, bg) € (—2,0) x (0,2) we consider the quadratic differential
system

=272 4 (1 bo)y + aoz® + boy?, (1)
y = —2xy.

It has two centers, one foliates the whole upper-half plane and the other
the whole lower-half plane.
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Quadratic hemicycles

For each (ag, bg) € (—2,0) x (0,2) we consider the quadratic differential
system

{ =222 4 (1= bo)y + aox® + boy?, 1)

y = —2xy.

It has two centers, one foliates the whole upper-half plane and the other
the whole lower-half plane. Compactified to the Poincaré disc, the outer
boundary of the respective period annulus is a polycycle, which in some
sources is called hemicycle.

Ly
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The cyclicity of quadratic hemicycles

€

unperturbed perturbed

{ L = 7b04_2 + (1 — bo)y + a0x2 + b0y2,
Yy
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The cyclicity of quadratic hemicycles

€

unperturbed perturbed

{ L = 7b04_2 + (1 — bo)y + a0x2 + b0y2,
Yy
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The cyclicity of quadratic hemicycles

THEOREM A

If (ag, bo) € (—2,0) % (0,2) and ag # —1 then the cyclicity of I',, when we
perturb (1) inside the whole family of quadratic differential systems is
exactly 2. Moreover the cyclicity is at least 2 for (ag, bg) € {—1} % (0, 2).

)
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The cyclicity of quadratic hemicycles

THEOREM A

If (ag, bo) € (—2,0) % (0,2) and ag # —1 then the cyclicity of I',, when we
perturb (1) inside the whole family of quadratic differential systems is
exactly 2. Moreover the cyclicity is at least 2 for (ag, bg) € {—1} % (0, 2).
Finally, the same result is true for the cyclicity of I'y.

)
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The cyclicity of quadratic hemicycles

It suffices to study the 5-parametric perturbation given by

(2)

" {ﬂ'c=bf+51:z:—i-(1—b)y—&-a:v2—&-sgfvy—i—byz7
g y =0 — 2y,

where pi= (a’vba 50a€1782) ~ (G/O,b(),0,0,0) =:Ho-
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The cyclicity of quadratic hemicycles

It suffices to study the 5-parametric perturbation given by

(2)

x =22 +ex+ (1-b)y+ az® + eawy + by?,
"Ly =e0 — 2ay,

where pi= (a’v ba €0,€1, 82) ~ (ao, b07 0,0, O) =:Ho-
The unperturbed system belongs to the component Q% of reversible

centers, which intersects the component Q%" of generalized Lotka-
Volterra centers. At the intersection things get more complicated.
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The cyclicity of quadratic hemicycles

It suffices to study the 5-parametric perturbation given by

(2)

x =22 +ex+ (1-b)y+ az® + eawy + by?,
"Ly =e0 — 2ay,

where pi= (a’vba 50a€1782) ~ (G/O,b(),0,0,0) =:Ho-

€ a+b=0

@ | 261 +e2=0
= .

on T ‘
] f
@ / ) a+2=0b
Q;” c0=0
; 2(]))51 + (Z} - 2)52 =0
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The cyclicity of quadratic hemicycles

THEOREM B

If (ag,bo) belongs to Ki\{ap = —1} (respectively, o) then the cyclic-
ity of II = {T'y,,T'y} when we perturb (1) inside the whole family of
quadratic differential systems is exactly 3 (respectively, 2).
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The cyclicity of quadratic hemicycles

THEOREM B

If (ag,bo) belongs to Ki\{ap = —1} (respectively, o) then the cyclic-
ity of II = {T'y,,T'y} when we perturb (1) inside the whole family of
quadratic differential systems is exactly 3 (respectively, 2). Moreover
it is at least 3 for (ag,bp) € {—1} x (0, 2).
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The cyclicity of quadratic hemicycles

COMPACTIFICATION MATTERS

In the projective plane, the antipodal points at infinity are identified
and, consequently, the polycycles I', and I'y are the same set. This
identification is not compatible with the direction of the vector field
but we can think in terms of a foliation. In this context, the “cyclicity”
of I', = I'y in the projective plane would be three.
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The cyclicity of quadratic hemicycles

COMPACTIFICATION MATTERS

In the projective plane, the antipodal points at infinity are identified
and, consequently, the polycycles I', and I'y are the same set. This
identification is not compatible with the direction of the vector field
but we can think in terms of a foliation. In this context, the “cyclicity”
of I', = I'y in the projective plane would be three.

By removing a disk, the projective plane becomes a Mobius strip.
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The cyclicity of quadratic hemicycles

THEOREM C

If (ag,bo) € {(-1,1),(—3,3),(—3,2)} then an alien limit cycle bifur-

cation occurs at I';, U T’y when we perturb (1) inside the whole family
of quadratic differential systems.
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The cyclicity of quadratic hemicycles

If (ag,bo) € {(-1,1),(—3,3),(—3,2)} then an alien limit cycle bifur-
cation occurs at I';, U T’y when we perturb (1) inside the whole family
of quadratic differential systems.

The original notion of alien limit cycle was introduced in

@ F. Dumortier and R. Roussarie, Abelian integrals and limit cycles,
J. Differential Equations, 224 (2006) 296-313.

where the authors bring to light that there are limit cycles bifurcating

from a polycycle which cannot be detected as a zero of the first Melnikov

function.
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The cyclicity of quadratic hemicycles

THEOREM C

If (ag,bo) € {(-1,1),(—3,3),(—3,2)} then an alien limit cycle bifur-
cation occurs at I';, U T’y when we perturb (1) inside the whole family

of quadratic differential systems.

Our definition differs from the one used by Dumortier and Roussarie
because we account only for limit cycles which cannot be detected as
zeroes of any Melnikov function of any order. In addition our definition
is more intrinsic and geometric.
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The cyclicity of quadratic hemicycles
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The cyclicity of quadratic hemicycles

DY (s;p) = 6+ + Ags™ + F(no)
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The cyclicity of quadratic hemicycles

DY (s;p) = 6+ + Ags™ + F(no)

5+ and AF are smooth
functions at p ~ pg
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The cyclicity of quadratic hemicycles

DY (s;p) = 6+ + Ags™ + F(no)

5i|50:0 =0
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The cyclicity of quadratic hemicycles

DY (s;p) = 61 + AFs™ + F (o)

A= A(p) is the
hyperbolicity ratio of the
saddle at infinity
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The cyclicity of quadratic hemicycles

DY (s;p) = 61 + AFs™ + F (o)

F° (o) is the class of ¢-flat
functions
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The cyclicity of quadratic hemicycles

DY (s;p) = 61 + AFs™ + F (o)

F° (o) is the class of ¢-flat
functions and in this case
€ [Xo, min(2Xg, Ag + 1))
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The cyclicity of quadratic hemicycles

DY (s;p) = 61 + AFs™ + F (o)

The limit cycles are zeros of

D(s;p):= DY (s;p) — D™ (s; 1)
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The cyclicity of quadratic hemicycles

Definition

Given L € R and p, € RN, we say that ¢ (s; p) is L-flat with respect to s
at s, and we write ¢ € F°(u.), if for each £ = (o, 41,...,lN) € Zggl
there exist a neighbourhood V' of u, and C, sy > 0 such that

0Mlap(s; )

< Cst for all s € (0,s0) and pe V.
2sto a,uil . aﬂf\lrv (0, s0) [

@ D. Marin and J. Villadelprat, Asymptotic expansion of the Dulac
map and time for unfoldings of hyperbolic saddles: local setting,
J. Differential Equations 269 (2020) 8425-8467.
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The cyclicity of quadratic hemicycles

Lemma

Fix any po = (ag, bo, €0, €1, €2) with (ag,bp) € (—2,0) x (0,2) and g; ~ 0
for i = 0,1, 2. Then, setting Ag:= (i) = —2%+2,

ao

AT+ FP(po)  if Ao > 1,

DY (s;p) =64 + AZsH + .
i(sip) =04 0 {A%sz’\Jr]-}f(uo) if \g <1,

for any ¢, € [)\0 +1, min(2/\0, Ao + 2)) and /5 € [2)\0, min(3/\0, Ao + 1))

@ D. Marin and J. Villadelprat, Asymptotic expansion of the Dulac
map and time for unfoldings of hyperbolic saddles: general setting,
J. Differential Equations, 275 (2021) 684-732.
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The cyclicity of quadratic hemicycles

Lemma

Fix any po = (ag, bo, €0, €1, €2) with (ag, bo) € (—2,0) x (0,2) and &; ~ 0
for i = 0,1, 2. Then, setting Ag:= (i) = —2%+2,

ao

AT+ FP(po)  if Ao > 1,

DY (s;pu) =6 + ATs? + 5
£(sp) = 01 + A {A%sz’\-kféf(ﬂo) iy < 1,

for any ¢, € [)\0 +1, min(2/\0, Ao + 2)) and /5 € [2)\0, min(3/\0, Ao + 1))

Ao =1 < a9 = —1 and we need to introduce a compensator to study
this case (work in progress).
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The cyclicity of quadratic hemicycles

Fix any po = (ao, bo, 0,0, 0) with (ag, bo) € (—2,0) x (0,2). Then

AYs M FP(po)  if ag > —1,

@u ; :5U+Au )\+
(85 4) 0S8 { Ay + F(po)  ifag < —1L.

Moreover Z,,(s; o) = 0, Ozy0u (o) # 0, Ocy 6u(p0) = 0cy0u (o) = 0 and
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Fix any po = (ao, bo, 0,0, 0) with (ag, bo) € (—2,0) x (0,2). Then

AYs M FP(po)  if ag > —1,

@u ; :5U+Au )\+
(85 4) 0S8 { Ay + F(po)  ifag < —1L.

Moreover Z,,(s; o) = 0, Ozy0u (o) # 0, Ocy 6u(p0) = 0cy0u (o) = 0 and

b(a +
R
af

]
DO
~

€1+52> €< Oy >

S
[\)
~—
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The cyclicity of quadratic hemicycles

Fix any po = (ao, bo, 0,0, 0) with (ag, bo) € (—2,0) x (0,2). Then

AYs M 4 FP(po)  if ag > —1,

@u ) :6U+Au A+
(s ,u) 0S { A¥s 22\ +}—Ef(ﬂ0> if a9 < —1.

Moreover Z,,(s; o) = 0, Ozy0u (o) # 0, Ocy 6u(p0) = 0cy0u (o) = 0 and

bla + 2)
AY — 2———ZL¢e1+ex | €<y >
0 771( ab—2) 1 2)

alb—1 u
AY — 19 (51 + MSQ +0((51,52))> €< Oy, AY >
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The cyclicity of quadratic hemicycles

Fix any po = (ao, bo, 0,0, 0) with (ag, bo) € (—2,0) x (0,2). Then

AYs M FP(po)  if ag > —1,

@u ) :6U+Au )\+
(s /L) 08 { Agszk _i_]:éf(uo) if a9 < —1.

Moreover Z,,(s; o) = 0, Ozy0u (o) # 0, Ocy 6u(p0) = 0cy0u (o) = 0 and
g1+ 52> E< 0y >

AY — <51 + ““’T‘ll))bg? + o(|(€1,€2)|)> €< 6., AL >

1
—~¢1tée+ o((51,€2))> €< 0y, Ay >
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The cyclicity of quadratic hemicycles

SKETCH OF THE PROOF OF THEOREM A

Suppose for instance that ag € (—2, —1). In this case

(1/2)

D(s; 1) = 6+008* +A18M +FP (1) with L e [Ag + 1, min(2Xg, Ao + 2))

and we define W(u):= (a — ag,b — by, 8(11), Ao(p), A1 (p)). Hence

1 0|0 0 0
0 1|0 0 0
* 0 0
det (DW) (po) ~ 2\/b0(a0+2) !
v ao(bo—2)
1 ao(bo—1)
2bo (a0 1)

~ ag + bg

If ag + by # 0 then v = U(u) is a change of coordinates at = po.
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The cyclicity of quadratic hemicycles

SKETCH OF THE PROOF OF THEOREM A (2/2)
Then we can consider
2(s; 071 (v)) = v3 +vas® + s+ f(s30),

where f € F7°(05) with f(s;v)|vs=1,—vs = 0. Thus the remainder can be
divided as f(s;v) = vsfi(s;v) +vafo(s;v)+vsf3(s;v) with f; € F°(05)
so that,

@(s; \Ilfl(y)) = 3(1 4+ FP) + va(s* + FP) + vs(sM + FP).

From here the proof follows using Bautin’s trick and the derivation-
division algorithm.
The case ag + by = 0 is more delicate because, using that

9(3; .U')|a0+b0:f:‘0:261+82:0 = 07

a different division has to be performed.
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Alien limit cycles: A beyond all order phenomenon

Cyel(T, Xu,), X)) = inf  sup  Z(o.)(2(sp) =1 2
£,0>0 1eBs (o)

Here, given an interval I and a function f, Z;(f) stands for the number
of zeros of f in I.
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Alien limit cycles: A beyond all order phenomenon

Cyel(T, Xu,), X)) = inf  sup  Z(o.)(2(sp) =1 2
£,0>0 1eBs (o)

In contrast, for each analytic arc p = £(e) with £(0) = po such that
Z(s:€(€)) # 0, we can take the Taylor’s expansion at € = 0 and write

9 (5:£(0)) = < (M(s) + O(e)).

Me¢(s) is the first non-identically zero Melnikov function.
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Alien limit cycles: A beyond all order phenomenon

Cyel(T, Xu,), X)) = inf  sup  Z(o.)(2(sp) =1 2
£,0>0 1eBs (o)

In contrast, for each analytic arc p = £(e) with £(0) = po such that
Z(s:€(€)) # 0, we can take the Taylor’s expansion at € = 0 and write

2 (s;€(€)) = ' (Me(s) + O(e)).
Me¢(s) is the first non-identically zero Melnikov function. We can define

M:=inf sup Zj (M),
2oy, Ao (M

where the supremum ranges over all the analytic arcs u = £(e) with
€(0) = po such that Z(s;(e)) # 0.

Here, given an interval I and a function f, Z7"(f) stands for the number
of zeros of f in I counted with multiplicities
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Alien limit cycles: A beyond all order phenomenon

Cyel(T, Xu,), X)) = inf  sup  Z(o.)(2(sp) =1 2
£,0>0 1eBs (o)

In contrast, for each analytic arc p = £(e) with £(0) = po such that
Z(s:€(€)) # 0, we can take the Taylor’s expansion at € = 0 and write

2 (s;€(€)) = ' (Me(s) + O(e)).
Me¢(s) is the first non-identically zero Melnikov function. We can define

M:=inf sup Z[ . (M),
by, 200 Mo

where the supremum ranges over all the analytic arcs u = £(e) with
€(0) = po such that Z(s;(e)) # 0.
A sufficient condition for an alien limit cycle bifurcation is that M < Z.
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Alien limit cycles: A beyond all order phenomenon

Cyel(T, Xu,), X)) = inf  sup  Z(o.)(2(sp) =1 2
£,0>0 1eBs (o)

In contrast, for each analytic arc p = £(e) with £(0) = po such that
Z(s:€(€)) # 0, we can take the Taylor’s expansion at € = 0 and write

2 (s;€(€)) = ' (Me(s) + O(e)).
Me¢(s) is the first non-identically zero Melnikov function. We can define

M:=inf sup Z[ . (M),
by, 200 Mo

where the supremum ranges over all the analytic arcs u = £(e) with
€(0) = po such that Z(s;(e)) # 0.
A sufficient condition for an alien limit cycle bifurcation is that M < Z.
The definition of Dumortier and Roussarie is this one but taking the
supremum over the radial arcs £ for which k¢ = 1.
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Thanks very much!!

Moitas grazas!!



